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Abstract

Interaction of shock waves with turbulent boundary layer plays an important role in the de-

sign and operability of high-speed aerospace vehicles and air-breathing engines. The adverse

pressure gradient of the shock is often strong enough to separate the boundary layer. Reynolds-

averaged Navier-Stokes simulations using conventional turbulence models do not predict the

correct size of the separation bubble in strong shock/turbulent boundary-layer interactions. The

corresponding surface predictions exhibit large discrepancy with respect to experimental mea-

surements. The inaccuracies are often attributed to the fact that conventional turbulence models

do not account for the unsteady effects in shock/turbulent boundary-layer interaction. Sinhaet

al. (Physics of Fluids, 2003) propose a model for the shock-unsteadiness effect, which gives the

correct amplification of turbulence kinetic energy in shock/homogeneous turbulence interaction.

The shock-unsteadiness modification is also found to improve model prediction in supersonic

compression corner flows, especially in the vicinity of separation point.

In the present work, the shock-unsteadiness modification isapplied to a series of canoni-

cal shock/boundary-layer interactions at hypersonic Machnumbers. The focus is to predict the

separation bubble size accurately using shock-unsteadiness corrected one- and two-equation tur-

bulence models. The configurations studied are: (i) two-dimensional oblique shock/boundary-

layer interactions at Mach 5, (ii) three-dimensional single-fin configurations at Mach 5 and (iii)

axisymmetric cone-flare geometries at Mach of 11 and 13. A detailed description of the mean

flowfield is presented for each case and the computed surface data is compared to experimental

measurements. The challenges involved in the implementation of shock-unsteadiness model in

the presence of multiple shocks and expansion waves is discussed in detail. It is found that

a careful implementation of shock-unsteadiness model results in close matching of the shock

structure, separation bubble and wall pressure with the experiments. The shock-unsteadiness

model is also applied to a two-dimensional practical scramjet inlet, where the geometric varia-

tions add to the complexity of the flowfield. The cowl shock interacts with the boundary layer

i



on the opposite wall and the simulation yields a reliable prediction of the resulting flow separa-

tion inside the duct. Overall, the shock-unsteadiness modification is shown to be a valuable tool

for simulating shock/boundary-layer interaction in practically relevant geometries at hypersonic

Mach numbers.

Keywords: high-speed flows, shock wave, turbulent boundary layer, separation bubble, turbu-

lence modeling, hypersonic, single-fin, scramjet inlet, cone-flare
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Chapter 1

Introduction

High-speed aerospace vehicles, flying at supersonic and hypersonic Mach numbers, generate

shock waves. The shocks from different parts of the vehicle interact with the boundary layer

on the walls. The abrupt change of flow quantities across a shock result in sever distortion

of the boundary layer. If the adverse pressure gradient at the shock is strong enough, it can

cause local flow separation and attachment of the boundary layer. The viscous effects in a

separated boundary layer are not only confined to near wall region, but flow separation can

cause additional shocks, expansion waves and shear layers,and thus can result in significant

distortion of the inviscid flowfield around the vehicle.

Shock/boundary-layer interactions are observed in many parts of high-speed aerospace

vehicles. For example, deflected control surfaces, intakesof air-breathing engines, wing-body

junctions, supersonic combustors, and nozzles. It is common in case of multi-body aerodynam-

ics, where the bow shock from one body can impinge on the boundary layer on the neighboring

body surface. Local flow separation in these applications can alter the characteristics of the

vehicle. It can also result in reduced performance of enginecomponents. For example, flow

separation caused by cowl shock impingement is found to be major concern for inlet unstart of

a real-life scramjet engine [1].

At high Reynolds number, the boundary-layer on the vehicle surface is often turbulent.

The turbulent fluctuations in a boundary layer get amplified on passing through a shock wave.

The interaction of turbulent fluctuations with a shock wave involves complex physical pro-

cesses, which determine the magnitude of turbulent fluctuations downstream of the shock. The

level of turbulence amplification at the shock has a significant effect on shock/boundary-layer

interaction, specifically on the extent of flow separation and the peak heating at reattachment.

1



Reynolds-averaged Navier-Stokes (RANS) methods are usually employed to simulate

such flows, where the effect of turbulent fluctuations on the mean flowfield is accounted by us-

ing turbulence models. Most of the conventional turbulencemodels are developed in low-speed

flows and they cannot reproduce the complex physical effectsinvolved in shock/turbulence in-

teraction. This puts severe limitation on the accuracy of the computed flow solution in the

presence of strong shock waves [2, 3, 4]. The separation bubble size is often predicted incor-

rectly, and it results in a flow topology that does not match experimental observations. Many

modifications have been proposed [5, 6, 7, 8] to extend the low-speed turbulence models to

high-speed applications. The modifications are often heuristic and their performance vary from

one test case to another.

In a shock-wave/turbulent boundary-layer interaction, the shock wave oscillates about its

mean position in response to the unsteady turbulent fluctuations passing through it. The scale of

turbulent motion is a function of the boundary layer conditions, like Reynolds number, which

in turn is expected to influence the scale of shock motion. Turbulence models used in RANS

treat the shock wave as steady, and do not account for the unsteady motion of the shock. This

has been pointed out as one of the major limitations of existing turbulence models [2, 9].

Sinhaet al. [10] study the effect of shock-unsteadiness on turbulence amplification across

a shock wave. An additional source term is identified in the turbulent kinetic energy (TKE)

equation that is proportional to the correlation of the shock speed and the streamwise velocity

fluctuations. An in-phase coupling of the unsteady shock motion with the upstream turbulent

fluctuations is found to have a damping effect on TKE amplification. They develop a model for

the shock-unsteadiness effect based on results from linearinteraction analysis [11]. The new

model matches direct numerical simulation data for the evolution of TKE, when a homogeneous

isotropic turbulence field interacts with a normal shock. Bycomparison, standard models like

k-ǫ andk-ω, which neglect the shock-unsteadiness damping effect, overly amplify the turbulent

kinetic energy across a shock wave.

The shock-unsteadiness modified turbulence models were applied to a canonical shock

boundary-layer interaction in a series of compression corner configurations [12]. The imple-

mentation was based on identifying the regions of shock and strong compression. The correc-

tion was then applied in terms of the local upstream Mach number at a given shock location.

The shock-unsteadiness modification was found to result in significant improvement in the size

of the separation bubble. The predicted separation bubble size for strong interactions matched
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with the experimental measurements, and it had negligible effect in case of weak interactions,

where the existing model predictions are reasonable. Thus,the correction reproduced the cor-

rect trends with varying Mach number that is observed in the experiments. Also, its basis on

an important physical phenomena, along with a simple implementation in existing CFD codes,

make it appealing to adopt the shock-unsteadiness correction for turbulent high-speed flows

dominated by shock waves.

Earlier applications of shock-unsteadiness correction are limited to simple compression

corner configurations at supersonic Mach numbers. In this work, the correction is applied to

other, more complex configurations at significantly higher Mach numbers to study the follow-

ing.

1. Assess the performance of the shock-unsteadiness corrected turbulence models in two

and three-dimensional shock/boundary-layer interactions.

2. Study the implementation of the shock-unsteadiness correction in the presence of com-

plex shock structure involving multiple shock/expansion waves.

3. Apply the shock-unsteadiness correction to a realistic scramjet intake flow simulation to

accurately predict the size of the separation bubble insidethe inlet duct.

1.1 Overview

The report is divided into ten chapters. Chapter 2 presents aliterature survey on commonly

studied canonical shock/boundary-layer interactions. The flow topology is described and avail-

able experimental measurements are surveyed. A brief literature survey on evaluation of com-

monly used one- and two-equation turbulence models in shock-wave/turbulent boundary-layer

interactions is discussed. The limitations of standard one- and two-equation turbulence models

are documented. The shock-unsteadiness effects in these interactions and its modeling is also

presented.

Chapters 3 and 4 describe the simulation methodology. Chapter 3 describes the governing

equations and the turbulence models. It also presents the numerical method used in the in-

house CFD code. Specifically, the flux-vector splitting algorithm of Steger and Warming [13] is

described. The time-integration and boundary-conditionsare also presented. The development

of shock-unsteadiness model and its evaluation to shock/turbulence interaction is described in
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Chapter 4. The implementation of shock-unsteadiness correction to one- and two-equation

models is also presented.

Chapters 5, 6, 7 and 8 describe the current research work. Theapplication of shock-

unsteadiness model to four shock-wave/turbulent boundary-layer interaction configurations is

studied. These include (i) two-dimensional oblique shock impingement, (ii) three-dimensional

single-fin, (iii) two-dimensional practical scramjet inlet and (iv) axisymmetric cone-flare. The

flow physics details are emphasized and the computed wall data in the interaction region is com-

pared with experimental measurements. The focus is to predict the flowfield topology accurately

using the shock-unsteadiness model in these shock/turbulent boundary-layer interactions.

Chapter 9 describes the conclusions based on the research work. The contributions of the

current research work are also presented.

1.2 Scope of the work

Chapter 5 presents the two-dimensional interaction of an incident oblique shock with turbulent

boundary-layer on flat plate. The shock/boundary-layer interactions at Mach 5, span a range

of deflection angles with large flow separation for strong shocks to attached flow for weak

shock. A detail description of computed flowfield is presented and the wall data is compared

with experiments [14]. Presence of multiple shock waves andflow expansion in the interaction

region make it more challenging to implement the shock-unsteadiness correction than earlier

compression corner applications. The shock identifying function is appropriately altered and the

calculation of the variation of upstream Mach number normalto differnet shocks with varying

shock strengths is included in the simulations. The resultsshow that a robust implementation

of the shock-unsteadiness model yields significant improvement in prediction of flowfield and

wall pressure.

Chapter 6 describes the shock/boundary-layer interactionin a practical inlet. The focus

is to study the separation bubble size resulting from the impingement of the cowl shock on

the opposite wall. The resulting separation bubble can leadto blockage and inlet unstart, total

pressure loss and degrade the quality of flow entering the combustion chamber. The shock-

unsteadiness parameter is calibrated to match the experimental separation location closely for

a range of oblique shock/boundary-layer interactions presented in Chapter 5, and is used in

the simulation of the present inlet duct configuration. Simulations predict a complex flowfield
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inside a inlet duct including a large separation separationbubble, and multiple shock waves,

expansion waves and their reflections. The size of the separation bubble is validated against

experimental data of canonical flows.

Chapter 7 describes the computed results of three-dimensional single-fin configuration.

The inviscid shock generated by the fin interacts with boundary layer on the adjacent flat plate to

form a complex three-dimensional flowfield. The boundary layer separates to a conical vortex.

The inviscid shock bifurcates and forms a lambda shock structure, one edge being the separation

shock and the other being the rear shock. Application of the shock-unsteadiness correction

leads to improved prediction of separation location. The computed surface pressure distribution

is also predicted accurately.

Chapter 8 studies computed results for shock/boundary-layer interaction on a cone-flare

configuration at Mach 11 and 13. Four test cases are studied which span the range from weak

shock strength with no flow separation at the corner to strongshock strength with a large sep-

aration bubble at the cone-flare junction. A naturally developing turbulent boundary layer

on a long cone interacts with an oblique shock generated at the cone-flare junction to form

shock/boundary-layer interaction. A local pressure peak is observed immediately downstream

of the reattachment point. This is caused by the interactionof separation shock and reattachment

shock in this region. Using the shock-unsteadiness correction the size of the separation bubble

and the peak wall pressure compare well with the experimental measurements [15]. This, in

turn results in close matching of the shock structure with the experimental shadowgraph.

The above applications show that the shock-unsteadiness model if implemented correctly

yields significant improvement in predicting the separation bubble, shock structure and the wall

pressure for a range of shock-boundary layer interactions for high Mach numbers.
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Chapter 2

Shock/turbulent boundary-layer

interaction flows

2.1 Introduction

Shock/boundary-layer interactions occur in many high-speed flow applications. The geomet-

ric complexity in a realistic aerospace vehicle makes it difficult to understand and analyze the

shock/boundary-layer interactions. The complex configuration can be broken down into sim-

pler geometries, which can isolate different kinds of shock/boundary-layer interactions. These

simplified geometries are called canonical configurations.These include compression corner,

oblique shock-wave impingement, cylinder-flare, cone-flare and three-dimensional configura-

tions like single-fin, axial corner and double-fin. In these canonical flows, the shock-strength

and boundary layer can be controlled by varying flow deflection angles, Mach numbers and

Reynolds numbers. Also, both the shock-wave and upstream boundary layer to interaction are

clearly characterized in these flows.

The canonical flow geometries have been extensively studiedby experimental and com-

putational methods [16, 17, 9, 4, 18]. The articles by Panaras [19], Thivetet al. [20], Knight

et al. [21, 9], Holdenet al. [22, 23], Arnal and Delery [24, 25], Zheltovodovet al. [26, 27],

Dussaugeet al. [18] and Royet al. [4] give insight into the flow physics and surface proper-

ties. Experimental schlieren flowfield images, velocity profiles, wall pressure, skin-friction and

heat transfer rate measurements are available. As an engineering approach, the computations

are performed using Reynolds-averaged Navier-Stokes (RANS) methods. Wide range of turbu-

lence models are used in the computations like zero-equation, one-equation, two-equation and
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their modified versions to predict flowfield, wall pressure and skin-friction coefficient.

In this chapter, we summarize the experimental and computational studies for shock/boundary-

layer interactions in four canonical geometries: compression corner, oblique shock impinge-

ment on a flat plate, axisymmetric cylinder-flare and three-dimensional single-fin. The objective

is to evaluate the accuracy of the existing computational results. Specifically, we focus on one-

and two-equation turbulence models that are most commonly used in practical applications.

2.2 Supersonic compression corner

The two-dimensional compression corner is the simplest case of shock/boundary-layer inter-

action and is shown in Fig. 2.1. It consists of a flat plate followed by a ramp inclined at an

angle ofθ with respect to the flow direction. An inviscid supersonic flow over the compression

corner generates a single oblique shock at the corner (see Fig. 2.1a) due to flow compression

by the ramp surface. In Fig. 2.1b, the shock at the corner interacts with the upstream turbulent

boundary layer to from shock/boundary-layer interaction region. The compression corner finds

application in many areas, like flap controls, fuselage junctures, and engine inlet, whose study

is important from aerodynamic point of view.

The boundary layer on the flat plate experiences an adverse pressure gradient across the

shock wave and separates the flow. The streamline showing theextent of separation region is

plotted and the separation and reattachment points are identified by S and R. The size between

S and R determines the size of the separation bubble. The velocity profile gets reversed in the

separation bubble and is plotted in the figure. The separation bubble acts as a blockage to the

upstream flow and generates an oblique separation shock at S.The boundary layer goes over

the separation bubble to form a free shear layer. As the free shear layer attaches on the ramp, it

generates compression waves. The compression waves coalesce to form a reattachment shock.

The flow remains subsonic inside the separation bubble.

Experiments [28] have been performed for different compression flow configurations.

Flowfield schlieren images, and surface measurements like pressure and skin-friction have been

studied. Compression corners with Mach numbers in the vicinity of 2.9 and deflection angles of

8◦, 16◦, 20◦, 24◦ and25◦ span the range from attached flow to large boundary layer separation.

The unit Reynolds number lies in the vicinity ofRe1 = 7× 107m−1 for the experiments. These

configurations have been computed by different authors [21,9] using different turbulent models
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rampflat plate

M > 1

inviscid
shock

(a)

(b)

Figure 2.1: (a) Inviscid supersonic flow over compression corner generating an oblique shock
at the corner. (b) Viscous flow over compression corner with separation shock, reattachment
shock and separation bubble (reproduced from [25]).

for predicting surface-pressure and skin-friction.

Many researchers have studied for the strong interaction case of24◦ compression corner at

Mach 2.84. The shock/boundary layer interaction results inlarge flow separation. The normal-

ized surface pressure distribution and skin friction coefficientCf are shown in Fig. 2.2, where

experimental data of Settleset al. [28] is also plotted with open circles. The streamwise dis-

tances along the plate and the ramp is normalized by the incoming boundary-layer thickness

δ0, wheres = 0 represents the corner. The wall pressure remains constant in the boundary layer

before the shock/boundary layer interaction region. The initial pressure rise location is ats/δ0 =

-2. The pressure rises across the separation shock and it remains constant in the plateau region

of the separation bubble. Next, it rises further in the reattachment region and remains constant

over the ramp surface. The skin friction remains constant upto s/δ0 = -2 before the interaction

region. TheCf drops ats/δ0 = -2 which is same as initial pressure rise location. There isno

experimental data available in the recirculation region and the separation S and reattachment
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Figure 2.2: Comparison of computed [12] (a) normalized surface pressure (b) skin-friction
coefficient along a24◦ compression corner at Mach 2.84 obtained using the standardk-ǫ and
k-ω models with experimental data [28].
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Figure 2.3: Comparison of computed [12] (a) normalized surface pressure (b) skin-friction
coefficient along a24◦ compression corner at Mach 2.84 obtained using the standardSpalart-
Allmaras model with experimental data [28].

points R are marked whereCf = 0. The boundary layer is compressed across the reattachment

shock wave and results in a higher skin friction downstream of the reattachment point (s/δ0 =

0.4).

Computations have been performed by Wilcoxet al. [29], Coakleyet al. [6], Haidinger

et al. [30], Forsytheet al. [31], Liou et al. [32], Gerolymoset al. [33], Sinhaet al. [12] and

Oliver et al. [34] for this flow configuration using standard one- and two-equation turbulence

models. The computed [12] wall pressure and skin-friction using standardk-ω-88 [35] and
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k-ǫ [36] models is shown in Fig. 2.2. Both models predict the separation shock location down-

stream of the experiment. The reattachment pressure rise onthe ramp is also overpredicted

by both models. The skin friction plot shows that the models predict a later separation than

the experiment. The reattachment location is also downstream of the experimental data. The

k-ǫ model overpredictsCf on the ramp, whereas thek-ω model predictions are higher than the

measurements downstream of reattachment. A similar trend is observed by the low-Reynolds

numberk-ǫ Chein model [37] andk-ω-91 [38] andk-ω-98 [76] models computed by the above

researchers.

The computed results in Fig. 2.3 show that the standard Spalart-Allmaras model predicts

the separation shock location upstream of the experiment. The pressure plateau is overpredicted

and the pressure on the ramp is lower than in the experimentaldata. TheCf drops earlier (s/δ0

= 2.7) and reattaches later (s/δ0 = 3.2) as compared to the experiment. This results in large size

of separation bubble. TheCf on the ramp is much lower than the experimental measurement.

Various authors [9] have studied for lower deflection anglesof 8◦, 16◦ and20◦ compared to

the above24◦ case. With the same Mach number of 2.84 and lower deflection angles, the shock

strength reduces, hence reduces pressure gradient across the shock wave. The lower pressure

gradient reduces the size of the separation bubble. Also, the peak load at reattachment region

decreases with reduction in shock strength. In20◦ deflection angle case, the standardk-ǫ, k-ω

and Spalart-Allmaras models show similar trends of wall pressure and skin-friction as observed

in 24◦ case. The two-equation turbulence models predict initial pressure rise location down-

stream. The wall pressure andCf is high at the reattachment region. Also a small separation

bubble is predicted. The standard Spalart-Allmaras model overpredicts the separation bubble

size and underpredictsCf at the reattachment region.

An incipient separation bubble is observed in the16◦ case. When the flow across the

shock wave just begins to separate it results in very small separation bubble size called incipient

separation bubble. The pressure variation does not have thedistinct pressure plateau in this

case as observed in higher ramp angle cases. The standard turbulence models predict wall

pressure and skin-friction close to the experiments in thiscase, but still show higher values of

skin friction at reattachment. The flow remains attached andno separation bubble is formed

in the weakest interaction case of8◦. The flowfield and wall data predicted by the standard

turbulence models matches well with the experimental data.
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2.3 Hypersonic cylinder-flare

The geometry of axisymmetric cylinder-flare shown in Fig. 2.4a is similar to the compression

corner. The plate and ramp in compression corner (Fig. 2.1a)correspond to cylinder and flare

respectively. The flare makes a deflection angle ofθ with the cylinder. The inviscid hypersonic

Mach flow over cylinder-flare in Fig. 2.4a causes the shock to be more inclined compared to the

supersonic compression corner case (Fig. 2.1a). This is because for the same deflection angle,

as the Mach number increases the shock angle decreases. The flow structure in shock boundary

layer interaction in cylinder-flare configuration (see Fig.2.4b) is similar to that of compression

corner (see Fig. 2.1b). A separation shock, reattachment shock and separation bubble is formed

in the shock/boundary-layer interaction region.

θC
flarecylinder

M > 5

inviscid
shock

(a)

(b)

Figure 2.4: (a) Inviscid hypersonic flow over cylinder-flaregenerating a more inclined oblique
shock at the corner. (b) Viscous hypersonic flow over cylinder-flare with separation shock,
reattachment shock, shock-shock interaction and separation bubble (reproduced from [39]).

In hypersonic flows, due to high Mach number there exist some differences in the flow

topology as compared to supersonic flows. The high Mach numbers results in stronger shock

waves than supersonic cases. The high shock strength and higher pressure gradient results in a

large separation bubble. Also, the high Mach numbers generate thicker boundary layer on the
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Figure 2.5: Experimental [42] and computed [6] (a) wall pressure and (b) heat transfer rate
for hypersonic cylinder-flare withM∞ = 7 and flare angle =35◦ using standard two-equation
models.

upstream of the interaction region. The separation and reattachment shocks are more inclined

to the flare surface. The separation shock interacts with thereattachment shock and often forms

type VI shock-shock interaction [40]. A shear-layer and an expansion fan is generated at the

triple point. This shock-shock interaction affects the wall pressure and heat transfer rate as

described below.

Experiments [41, 42] and computations [6, 45, 3, 46] have been performed for different

flare angles of20◦, 27◦, 30◦, 33◦ and 35◦ and Mach numbers in the vicinity of Mach 7 for

cylinder-flare configuration. Hypersonic two-dimensionalcompression corner and axisymmet-

ric cone-flare configurations result in a similar kind of interaction compared to cylinder-flare.

Experiments [44, 43, 28] and computations [6, 3] were performed for compression corner with

Mach numbers in the vicinity of 7, 8 and 9 with deflection angles of 15◦, 27◦, 30◦, 33◦, 36◦

and38◦. Also, cone-flare geometries have been studied experimentally [15] and computation-

ally [45, 107, 47, 48] for6◦ cone angle and flare angles of30◦ and36◦ at Mach of 11, 13 and 16.

Flowfield schlieren images, and surface measurements like pressure and heat transfer rate mea-

surements have been done. The computations using standard one- and two-equation turbulence

models and modified version of these models have been carried.

The normalized wall pressure is shown in Fig. 2.5a for cylinder-flare atM∞ = 7 and flare

angle =35◦. The experimental data [28, 42] is shown by solid circles. There are some key dif-

12



Figure 2.6: Comparison of computed [50] surface pressure with experiments [22] for hypersonic
flare at Mach 7.2 and deflection angle of33◦.

ferences between the current hypersonic shock/boundary-layer interaction case and supersonic

compression corner case (see Fig. 2.2). First, the pressurerise across the separation shock is 10

- 20% of the inviscid pressure rise in hypersonic case, whereas in supersonic case the separation

shock pressure contributes to 30 - 40% of the overall pressure rise. This is because the separa-

tion bubble in hypersonic case is much thinner than the supersonic case and therefore results in

a smaller flow deflection and hence a smaller pressure rise. Secondly, the interaction between

the separation and reattachment shocks in hypersonic case is more inclined and much closer

to the flare surface and causes a local peak in surface pressure in the reattachment region (see

Fig. 2.5a). This local peak pressure is not observed in the supersonic compression corner wall

pressure (see Fig. 2.2a). The overall pressures in hypersonic cases are always higher compared

to supersonic cases. The heat transfer data in Fig. 2.5b alsoshows a similar variation to skin

friction (Fig. 2.2b) in supersonic flows where the standard two-equationk-ǫ andk-ω models

show higher values at reattachment point. The standard two-equation versions ofk-ǫ andk-ω

models in Fig. 2.5b shows peak values of heat transfer at the reattachment point.

Simulations by Huang and Coakley [6] have been done using standardk-ω andk-ǫ tur-

bulence models. The standardk-ǫ-LS [36], k-ǫ-JL [49] andk-ω [35] models predict initial

pressure location later than experiments, hence show smallseparation region. The shock-shock

interaction region is predicted upstream. This causes the peak value to underpredict at the reat-

tachment region. Also, the location of the peak pressure is shifted upstream. Later we will see

in Chapter 8 that prediction of separation location correctly is important to get the location of
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peak pressure.

Figure 2.6 shows a comparison of the computed [50] normalized wall pressure with exper-

iments [22], for flare atM∞ = 7.2 andθ = 33◦ The standard Spalart-Allmaras model predicts

initial pressure location close to corner, hence predicts negligible separation bubble. The local

maxima at reattachment is not predicted. This is because, the separation bubble is negligible

and results in no shock-shock interaction, thereby no peak pressure is predicted at reattachment.

In Sec. 2.2 we have seen that the standard Spalart-Allmaras model overpredicts the separation

bubble in supersonic shock/boundary-layer interaction cases (see Fig. 2.3), whereas in case of

hypersonic shock/boundary-layer interaction, the separation bubble size is underpredicted by

the same model. The cause for these differences is explainedin Sec. 8.4.1.

2.4 Oblique shock impingement

The two-dimensional oblique shock impingement case is shown in Fig. 2.7a with flat plate and

an external shock wave generator with deflection angle ofθ. The oblique shock impingement

case finds application in analysis of internal flows such as air intakes of high speed air-breathing

engines. An inviscid supersonic flow over the shock generator produces an incident oblique

shock (see Fig. 2.7a). This incident shock impinges on flat plate and is reflected. The shock

strength at impingement point is given by the total inviscidpressure rise across the incident

shock and the reflected shock. Whereas in case of compressioncorner (see Fig. 2.1a) the in-

viscid shock strength is given by the pressure rise across the single oblique shock at the corner.

The incident oblique shock (see Fig. 2.7b) interacts with the turbulent boundary layer on the

plate and results in a complex flow pattern as explained below.

The adverse pressure gradient across the incident oblique shock causes the boundary layer

to separate on flat plate and forms a separation bubble. The separation point (S) and reattach-

ment point (R) are identified in the Fig. 2.7b. An oblique separation shock is generated at S due

to the blockage caused by the separation bubble. The interaction of incident shock and separa-

tion shock generates additional shocks. The boundary layerturns to form a shear layer over the

separation bubble. The shear layer attaches back on the plate and forms compression waves,

which coalesce to form a reattachment shock. The correct prediction of separation bubble size

determines the correct flow topology in terms of shock angles, strength of shock waves and

expansion fan formation.
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Figure 2.7: (a) An oblique incident shock from external shock generator impinges on inviscid
flow over flat plate and gets reflected. (b) An oblique incidentshock from shock generator
impinges on boundary layer over flat plate to generate separation shock, reattachment shock,
expansion fan and separation bubble.

Experimental [51, 52, 53] investigations were done for different deflection angles of7◦,

10◦ and 13◦ with Mach number in the vicinity of 2.9. The unit Reynolds number Re1 =

5.73 × 107m−1 is taken in the experiments. Flowfield schlieren images, wall pressure and

skin friction measurements have been carried. These configurations have been computed by

different researchers [9] using different turbulent models for predicting surface pressure and

skin friction. In general it was observed that the computed wall pressure and skin friction val-

ues match closely for lower deflection angles and show large variation for larger angles when

compared to experimental data.

Many researchers have computed for the strong interaction case of large flow separation at

13◦ deflection angle and Mach 2.84. The experimental [51, 52, 53]normalized surface pressure

and skin-friction coefficient distribution is shown in Fig.2.8 with open circles. The streamwise

distancex along the plate is normalized by the incoming boundary-layer thicknessδ0, where

x/δ0 = 0 represents the location of inviscid shock impingement. The wall pressure remains
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(a) (b)

Figure 2.8: Comparison of computed [32] (a) wall pressure and (b) skin friction for oblique
shock/turbulent boundary-layer interaction with experiments [51, 52, 53], forM∞ = 2.89, de-
flection angleθ = 13◦ and unit Reynolds numberRe1 = 5.73 × 107m−1.

constant in the boundary layer before the shock/boundary-layer interaction region. The initial

pressure rise location is atx/δ0 = -4. Similar to the compression corner case (Sec. 2.2), the

pressure rises across the separation shock and it remains constant in the plateau region of the

separation bubble. Next, it rises further in the reattachment region and remains constant in the

downstream. The skin friction remains constant up tox/δ0 = -4 before the interaction region.

TheCf drops atx/δ0 = -4 which is same as initial pressure rise location. The distance between

S and R gives the size of the separation bubble. The boundary layer is compressed across the

reattachment shock wave and results in a higher skin friction downstream of the reattachment

point.

Computations have been performed by Liouet al.[32], Haidingeret al.[30], Gerolymoset

al. [33] and Wilcox [8] for this configuration using standard one- and two-equation turbulence

models. Some compressibility corrections have been incorporated to these turbulence models,

but only a small improvement is observed in flow predictions compared to standard models.

The computed [32] wall pressure and skin friction using standard low-Reynolds numberk-ǫ

Chein [37] model is shown in Fig. 2.8. The separation shock location is predicted downstream

of the experiment. The reattachment pressure rise is also overpredicted. The skin friction plot

shows that the model predicts later separation than the experiment. The reattachment location

is just upstream of the experimental data. TheCf is overpredicted at the reattachment region.

A similar trend is observed in the computations using thek-ω-88 [35] model. The standard

k-ω model predicts initial pressure rise location downstream,small separation bubble and high
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Figure 2.9: Comparison of computed [8] surface pressure with experiments [54] for hypersonic
oblique shock/turbulent boundary-layer interaction withM∞ = 11 and deflection angleθ =
17.6◦.

values ofCf at the reattachment region.

The computed results in Fig. 2.8 show that the standard Spalart-Allmaras model predicts

the separation shock location significantly upstream of theexperiment. The pressure plateau is

overpredicted and the pressure downstream of the reattachment region is lower than experimen-

tal data. TheCf drops earlier (x/δ0 = -6) and reattaches later (x/δ0 = 2.5) as compared to the

experiment. This results in a large separation bubble. TheCf at the reattachment region and

downstream of it is much lower than the experimental measurement.

In lower deflection angle case ofθ = 10◦ andM∞ = 2.89, the low Reynolds numberk-ǫ

Chein and Spalart-Allmaras models show similar trend to theabove13◦ case. Thek-ǫ model

predicts small separation bubble and shows high values ofCf downstream of the reattachment

region. The Spalart-Allmaras model overpredicts size of the separation bubble andCf values are

underpredicted downstream of the interaction region. The flow remains attached in the weakest

interaction case of7◦ at Mach 2.89. Thek-ǫ Chein and Spalart-Allmaras models matches

surface pressure well with the experiments, whereas theCf variation shows similar trend to

the above10◦ case.

Fig. 2.9 shows the comparison of computed [8] normalized wall pressure for a hypersonic

oblique shock/boundary-layer interaction at Mach 11 and17.6◦, with the experiments [54]. The

standardk-ω model [76] shows similar trend to the above supersonic case.The initial pressure

rise location is predicted later than experiments and givesa small separation bubble. The small

separation bubble results in upstream location of reattachment pressure rise as compared to ex-
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periments. In the current case, no local reattachment pressure peak is observed as compared to

hypersonic cylinder flare case (see Fig. 2.5a). This is because in the present case there is no in-

teraction of separation shock and reattachment shock. The hypersonic shock impingement with

θ = 14◦ and10◦ at Mach 5 were computed by Lindbad [55] usingk-ω [56] and low Reynolds

number Chienk-ǫ [37] turbulence models. Similar trend in wall pressure andCf is observed by

these turbulence models as above supersonic and hypersoniccases.

2.5 Single-fin configuration

Shock generator 
(single fin)

Flat plate

y
x

z

F l o
 w

Inviscid shock

θ

α

Figure 2.10: Single-fin geometry with fin mounted on flat plate, making an angle ofθ with the
flow direction. The fin edge generates a planar inviscid shockover the flat plate.

The single-fin configuration is the simplest and most fundamental case of three-dimensional

shock/boundary-layer interaction. It consists of a flat plate with a sharp fin mounted perpendic-

ular to it (see Fig. 2.10). An inviscid supersonic flow generates a planar oblique shock at the fin

leading edge. The oblique shock wave interacts with the turbulent boundary-layer developed on

the plate. The single-fin configuration finds application in inlets of scramjet engine where the

cowl acts as a fin. The cowl shock interacts with the side-wall(acts as plate) boundary layer to

result in a three-dimensional interaction.

The flowfield generated by a single-fin interaction is shown interms of the surface stream-

lines over the plate in Fig. 2.11. The parallel streamlines represent the undisturbed boundary

layer. Due to the adverse pressure gradient of the oblique shock wave, the boundary layer sep-
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Figure 2.11: Proposed flow model of Kubota and Stollery [57] for single-fin geometry with
deflection angle,θ = 15◦, Reδ0 = 5 × 104 andM∞ = 2.3.

α

triple
point

θ

Figure 2.12: (a) Single-fin flowfield model, proposed by Alvi and Settles [58] for deflection
angle =16◦ andM∞ = 2.95, depicting a lambda shock structure in a cross plane.

arates along the separation line S1 and attaches along the reattachment line R1. The region

between S1 and R1 corresponds to a conical vortex. The inviscid shock bifurcates and forms

a separation shock and a rear shock representing a lambda structure (see Fig. 2.12) in a cross

plane perpendicular to the flow direction. The separated conical vortical flow region is formed

underneath the lambda shock structure. A slip line is generated from the triple point of intersec-

tion of three shock waves and a set of compression and expansion waves are formed between
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Figure 2.13: Comparison of computed [65] (a) normalized surface pressure and (b) skin friction
with fin angleθ = 20◦ andM∞ = 4, with experiments [59].

the shear layer and the slip line.

Experiments [59, 57, 60, 14] have been performed for different configurations with deflec-

tion angles of8◦, 12◦, 15◦, 16◦, 18◦, 20◦, 24◦, 31◦ and Mach numbers in the vicinity of 3, 4, 5

and 8. The Reynolds number based on the boundary-layer thickness upstream of the interaction

region lies in the vicinity of2×105 for most of the cases. Surface oil flow patterns, wall pressure

and skin friction measurements have been studied. These configurations have been computed

by different authors [17, 21, 9, 27] using standard one- and two-equation turbulence models for

predicting surface-pressure and skin-friction. Detailedexperimental and computational flow-

field three-dimensional shock-wave/boundary-layer interaction in single-fin interactions can be

found in articles by Settles [63], Degrez [64], Dolling [62], Knight [61] and Panaras [19].

The experimental [59] wall pressure and skin friction variation in a cross plane is shown

in Fig. 2.13. The wall data is measured on the plate with varying conical angleα measured

from the tip (see Fig. 2.10).α varies from fin surface with20◦ and spans up to the region of

undisturbed boundary layer with its increasing value. The wall pressure remains constant in

the undisturbed boundary-layer before the interaction region for α > 51◦. The wall pressure

rises across the separation shock at the primary separationpoint S1. It remains approximately

constant in the conical recirculation region and rises to peak values at the primary reattachment

point R1. TheCf shows similar variation to wall pressure.

Figure 2.13 shows computed [65] results for20◦ at M∞ = 4. Thek-ω model shows a
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Figure 2.14: Comparison of computed [65] (a) normalized surface pressure and on plate for fin
deflection angleθ = 30.6◦ andM∞ = 4, with the experiments [60].

delayed separation and higher values of wall pressure andCf in the plateau of conical recircu-

lation region. The standardk-ǫ and Spalart-Allmaras models shows similar trend tok-ω model

predictions [17]. Similar trend in wall data is observed by these turbulence models for the

weaker interaction case of15◦ at Mach 3 [17].

The computed [65] wall pressure for30.6◦ andM∞ = 4 is compared with experiments [60]

in Fig. 2.14. The distance along z-axis (see Fig. 2.10), is normalized with the corresponding

x-section distance measured from the fin-tip. Thek-ω [35] model shows more delay in sepa-

ration compared to above20◦ case (see Fig. 2.13) and other trends are similar. The secondary

separation shock in formed in the current case but is is not predicted by the model. The compu-

tations [66, 17] were done for higher Mach number = 8 and15◦ using Spalart-Allmaras model.

The SA model predicts separation location downstream of experiments andCf is underpre-

dicted at the reattachment region.

2.6 Shock-unsteadiness effects

The turbulence flow is inherently unsteady in nature and wheninteracts with a shock wave

makes the shock unsteady. In canonical flows like compression corner, the shock-unsteadiness

has been observed experimentally by many researchers [9]. In supersonic compression corner

flows, shock deformation was observed by Zheltovodovet al. [67, 68] using Schlieren images

and hot wire anemometer and shock-unsteadiness was observed by Dolling et al. [69] by mea-
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suring wall pressure fluctuation time history. Andreopoulos et al. [70] experimentally investi-

gate for possible mechanism of shock-unsteadiness in compression corner flow. In their finding

they observe that shock velocity is of the order of turbulence fluctuation. It is suggested that the

fluctuations in the upstream boundary layer is the cause for triggering shock wave oscillation.

The particle image velocimetry measurements by Bereshet al. [71] show that upstream turbu-

lence in boundary layer is responsible for shock-unsteadiness in compression corner at Mach

5. Qualitatively it was based on the physical principle thata fuller velocity profile with posi-

tive velocity fluctuations imparts increased resistance toseparation to the boundary layer and

hence causes downstream shock motion, and a less-full velocity profile with lower resistance to

separation causes upstream shock motion.

The Reynolds-averaged Navier-Stokes (RANS) simulations are based on time averaged

quantities. They calculate the mean flow and take the averageeffect of fluctuating turbulence

on mean flow. RANS simulations of shock/boundary-layer interaction, for example, a compres-

sion ramp flow, results in a steady mean shock at the corner. Unsteadiness shock motion is not

captured in the simulations. The conventional turbulence models have no mechanism to include

the shock-unsteadiness effect on the mean flow. This is argued [9, 72] to be a major limita-

tion of RANS models which result in significant deficiency in predicting shock/boundary-layer

interaction flowfields, as described in earlier Sections.

Sinhaet al. [10] were the first to model the shock-unsteadiness in the RANS framework.

The turbulent kinetic energy transport equation was derived in the reference frame of the un-

steady shock. This equation includes a term corresponding to the shock-unsteadiness effect.

The unclosed term is modelled using theoretical analysis and the results were evaluated with

DNS data. The shock-unsteadiness term is found to have a damping effect on turbulent ki-

netic energy amplification and including this effect accurately predictsk-amplification across

shock wave. The shock-unsteadiness correction is incorporated in standard one-/two-equation

turbulence models.

The shock-unsteadiness modification is applied tok-ǫ andk-ω models to compression cor-

ner configuration with24◦ at Mach 2.84. In Sec. 2.2, we have seen that the location of separation

shock predicted by standardk-ǫ andk-ω models is much downstream when compared to exper-

imental data. The pressures andCf deviate from measurement near the separation point. An

important improvement observed by modification, is in the vicinity of separation zone, where

the lower amplification of turbulent kinetic energy is predicted and also it is observed that the
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Figure 2.15: Comparison of computed [12] (a) normalized surface pressure (b) skin-friction
coefficient along a24◦ compression corner obtained using the standard and modifiedk-ǫ and
k-ω models with experimental data [28].

shock unsteadiness modification moves the separated shock upstream and predicts the separa-

tion point closer to experiment. The separation pressure rise ats/δ0 = -2 and the drop inCf

matches experiment (Fig. 2.15). It is also observed that both the modified models show very

good agreement with pressure over the ramp. The modificationalso reducesCf on reattach-

ment, which brings the RANS predictions closer to experiment.

Simulations using modified Spalart-Allmaras model of Sinhaet al. [10] shows improve-

ment in the prediction of separation point than standard Spalart-Allmaras model. Figure 2.3

shows that the Spalart-Allmaras model predicts separationpoint upstream of experiments. The

modified Spalart-Allmaras model predicts the separation point downstream, close to experi-

ments, the reason for this is the model predicts higher eddy viscosity across the separation

shock.

The new Wilcoxk-ω model [8] and realizable corrected models [73, 74] in above sections

also dampens the turbulent kinetic energy across the shock wave. Hence, show improvement

in size of the separation bubble. But often, these models arebased on heuristic methods and it

is unclear how these corrections improve for different Machnumbers and flow configurations.

The shock unsteadiness model of Sinhaet al. [10] has evolved by considering the effect of flow

physics of shock-unsteadiness and is based on analytical reasoning. This is why we have chosen

to use the shock-unsteadiness model to apply for different shock/boundary-layer configurations

in our work.
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2.7 Summary

In this chapter, we study the performance of turbulence models, applied to different canoni-

cal configurations of shock/turbulent boundary-layer interactions. These include compression-

corner, hypersonic cylinder-flare, oblique shock impingement and single-fin. Different Mach

numbers and deflection angles are considered which span the range of strong interactions with

flow separation to weak interactions with attached flow. Correct prediction of the separation

bubble size in shock/turbulent boundary-layer interactions is essential to obtain the correct flow-

field topology and wall data. Predicting the correct size of separation bubble is also critical for

many high speed flow applications like supersonic inlets.

It is found that standard one- and two-equation turbulence models cannot predict the size

of the separation bubble correctly for strong shocks. This may be because of the fact that the

standard turbulence models do not account for the shock-unsteadiness effects that are inherent

in shock/turbulent boundary-layer interactions. The shock-unsteadiness modification of Sinha

et al. [10] has shown significant improvement in the prediction of separation bubble size for

the range of deflection angles and Mach numbers in compression corner flows. Unlike other

modifications which are often based on heuristic methods, the shock-unsteadiness modification

is based on physics and theoretical analysis. Also, the shock-unsteadiness model is simple to

implement and therefore is appealing to use for computing different shock/turbulent boundary-

layer interactions.
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Chapter 3

Simulation methodology

This chapter describes the conservation equations and boundary conditions for three-dimensional

flow of a compressible fluid. This is followed by the numericalmethod for solving the govern-

ing equations.

3.1 Reynolds averaging

Turbulent motion comprises of mean and fluctuating parts. Conservation equations for mean

part is written and they have terms containing the effect of fluctuations. One of the most com-

monly adapted approaches in turbulence applied for incompressible flows is called Reynolds

averaging and that which is applied for compressible flows iscalled Favre averaging.

In Reynolds averaging the instantaneous variables are timeaveraged to get mean vari-

ables. The governing equations for instantaneous variables is presented in Appendix A. For

statistically steady and stationary incompressible turbulence flow, the instantaneous variables

are written as,

ui(~x, t) = ui(~x) + u′

i(~x, t)

ui(~x) = limT→∞
1
T

∫ t+T

t
ui(~x, t)dt

(3.1)

whereui(~x, t), ui(~x) andu′

i(~x, t) are instantaneous velocity, time average velocity and fluc-

tuating velocity respectively. The instantaneous variables for velocity, density, pressure and
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temperature are written in shorthand as,

ui = ui + u′

i

ρ = ρ + ρ′

p = p + p′

T = T + T ′

(3.2)

In Favre averaging the instantaneous variables are mass weighted averaged. For statisti-

cally steady and stationary compressible turbulence flow, the instantaneous variables are written

as,

ui(~x, t) = ũi(~x) + u′′

i (~x, t)

ũi(~x) = 1
ρ
limT→∞

1
T

∫ t+T

t
ρ(~x, t)ui(~x, t)dt

(3.3)

whereũi(~x) andu′′

i (~x, t) are mass weighted average velocity and fluctuating velocity. In short-

hand, instantaneous variables for velocity, density, pressure, temperature, specific enthalpy and

specific internal energy are written as,

ui = ui + u′′

i

ρ = ρ + ρ′

p = p + p′

T = T̃ + T ′′

h = h̃ + h′′

e = ẽ + e′′

(3.4)

The variables with overline, tilde, single prime and doubleprime represent the Reynolds aver-

age, Favre average, Reynolds fluctuating and Favre fluctuating variables respectively.

The Favre average conservation law of mass, momentum and energy for steady, stationary

and compressible turbulent flow can be derived by time averaging Eqs. A.1, A.2 and A.3 and

are stated as,

∂ρ

∂t
+

∂

∂xi
(ρũi) = 0 (3.5)

∂

∂t
(ρũi) +

∂

∂xj
(ρũiũj) = − ∂p

∂xi
+

∂(tij − τij)

∂xj
(3.6)

∂

∂t
(ρẼ) +

∂

∂xj
(ρũjH̃) = − ∂

∂xj
(qLj

) − ∂

∂xj
(qTj

) +
∂

∂xj
(ũitij) +

∂

∂xj
(ũiτij)

− ∂

∂xj
ρu′′

i u
′′

i u
′′

j +
∂

∂xj
(t′iju

′

i) +
∂

∂xj
tiju

′′

i (3.7)
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HereẼ andH̃ represent the total energy and total enthalpy which are given as,

Ẽ = ẽ +
1

2
ũiũi + k (3.8)

H̃ = h̃ +
1

2
ũiũi + k (3.9)

ẽ = CvT̃ (3.10)

h̃ = ẽ + p̄/ρ̄ (3.11)

where,

k =
1

2

ρu′′

i u
′′

i

ρ
(3.12)

is the turbulent kinetic energy. The LHS terms of Eqs. 3.5, 3.6 and 3.7 represent the transient

and convective transport terms. The first term in the RHS of Eq. 3.6 represents the pressure

force and the second and and third term represent forces due to average viscous stresstij and

Reynolds stressesτij , which are given as

tij = 2µ(Sij −
1

3
Skkδij) (3.13)

τij = −ρu′′

i u
′′

j (3.14)

The first and second terms on RHS of Eq. 3.7 represent the conduction heat flux and turbulent

heat flux. The conduction heat flux is calculated from Fourier’s assumption of heat conduction

which is given as

qLj
= − µ

PrL

∂h̃

∂xj
= −µCp

PrL

∂T̃

∂xj
= −κ

∂T̃

∂xj
(3.15)

and the turbulent heat flux vector is defined as,

qTj
= ρu′′

jh
′′ (3.16)

In terms of mean variables the equation of state for perfect gas is expressed as

p = ρRT̃ (3.17)

The above equations can be solved to obtain the mean flow variables, but these equations are

not closed as described below.

3.2 Turbulence closure

As Favre averaging is done, it introduces new turbulent terms in the mean flow equations,

which need to be modeled to close them. As there are 6 equations i.e. one continuity, three

27



momentum, one energy and one perfect gas equation. In these equations there are six unknown

mean variables;̃ui, ρ, p, T̃ and additional turbulent terms like Reynolds stress terms in mo-

mentum equation 3.6 and turbulent heat flux term in energy equation 3.7, which need to be

calculated. These turbulent terms are modeled in terms of turbulent and mean variables which

can be solved, thus closing the problem i.e. satisfying the requirement of equality of number of

equations and number of unknowns.

The ‘n-equation’ turbulent model means that n turbulent transport equations, in addition

to mean conservation equations of mass, momentum and energy. Some of the examples are

zero, one and two equation turbulent models. All of these models use the Boussinesq assump-

tion [76], which states that the turbulent shear stress is linearly related to the mean strain rate

and is given by the following expression.

τij = −ρu′′

i u
′′

j = 2µT

(

Sij −
1

3

∂ũk

∂xk

δij

)

− 2

3
ρkδij (3.18)

whereµT is the turbulent or eddy viscosity andSij is the Favre averaged strain rate expressed

in terms of mean variables as,

Sij =
1

2

[(

∂ũi

∂xj

)

+

(

∂ũj

∂xi

)]

(3.19)

The turbulent heat flux vector is modeled as,

qTj
= ρu′′

jh
′′ = − µT

PrT

∂h̃

∂xj
= −µT Cp

PrT

∂T̃

∂xj
= −κT

∂T̃

∂xj
(3.20)

Here the turbulent Prandtl number is defined asPrT = (µTCp)/κT , whereµT is eddy viscosity

andκT is turbulent conductivity,PrT = 0.9 is used in turbulent boundary layer flows and a value

of 0.7 is used for free shear flows. The third and fourth terms in Eq. 3.7 RHS represent the work

done due to viscous stresses and work done due to turbulent stresses. The fifth and sixth terms

represent the turbulent transport of turbulent kinetic energy and viscous diffusion of turbulent

kinetic energy and are modeled as,

ρu′′

i u
′′

i u
′′

j = µT
∂k

∂xj

(3.21)

(t′iju
′

i) = µ
∂k

∂xj

(3.22)

The last term is due to compressible effects and is neglected.

In the above Eqs. 3.18, 3.20, 3.21, and 3.22 we need to calculateµT andk for which we

use turbulence models like zero, one and two equation, whichare discussed below.
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3.2.1 Spalart-Allmaras model

In one equation Spalart-Allmaras or SA Model [75] the eddy viscosityνT is related to the

intermediate variable,̃ν by a damping function,fv1 asνT = ν̃fv1, and the equation for̃ν is

written as,

∂ν̃

∂t
+

∂ν̃ũj

∂xj
= cb1S̃ν̃ − cwfw

(

ν̃

d

)2

+
1

σ

∂

∂xk

[

(ν + ν̃)
∂ν̃

∂xk

]

+
cb2

σ

∂ν̃

∂xk

∂ν̃

∂xk
(3.23)

In shorthand this is written as,

Dν̃

Dt
= Prod(S̃, ν̃, d) − Dest(ν̃, d) +

1

σ

[

∇.((ν + ν̃)∇ν̃) + cb2(∇ν̃)2
]

(3.24)

Here,

fw = g

[

1 + c6
w3

g6 + c6
w3

]

, fv1 = 1 −
[

χ3

χ3 + c3
v1

]

, fv2 = 1 − χ

1 + χfv1

(3.25)

where,

χ =
ν̃

ν
, g = r + cw2(r

6 − r), r =
ν̃

S̃κ2d2
, S̃ = S̄ +

ν̃

κ2d2
fv2 (3.26)

d is the normal distance from the wall and the vorticity magnitude is represented as̄S =
√

2ΩijΩij , in which the rotation tensor is given asΩij = 1
2
[(∂ũi/∂xj) − (∂ũj/∂xi)] and

the constants are given ascb1 = 0.1355, cb2 = 0.622, cv1 = 7.1, σ = 2/3, κ = 0.41,

cw1 = cb1/κ
2 + (1 + cb2)/σ, cw2 = 0.3, cw3 = 2.

The terms on the LHS of Eq. 3.23 represent the transport terms. The first and second

terms on RHS of Eq. 3.23 represent the production and destruction of eddy viscosity. The last

two terms on RHS represent the molecular and eddy diffusivity terms. The quantities embraced

within them represents the major variables dependency of these source terms.

3.2.2 k-ω model

In two-equationk-ω turbulence model by Wilcox [76], the turbulent kinetic energy k and the

specific dissipation rate of turbulent kinetic energyω are calculated from conservation equations

whereω = ǫ/k. The eddy viscosity is given by,

µT = ρk/ω (3.27)

In the Eq. 3.27,k andω are found from their modeled governing equations by

∂(ρk)

∂t
+

∂(ρũjk)

∂xj
= τji

∂ũi

∂xj
− β∗(ρk)ω +

∂

∂xj

[

µ
∂k

∂xj

]

+
∂

∂xj

[

(σ∗µT )
∂k

∂xj

]

(3.28)

∂(ρω)

∂t
+

∂(ρũjω)

∂xj
= α

ω

k
τji

∂ũi

∂xj
− βρω2 +

∂

∂xj

[

µ
∂ω

∂xj

]

+
∂

∂xj

[

(σµT )
∂ω

∂xj

]

(3.29)
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The terms on LHS of Eq. 3.28 represents the time rate of changeof turbulent kinetic energy and

contribution of convection fluxes, which need no modeling. The first term on RHS represents

the rate of production of turbulent kinetic energy by the mean flow i.e. a transfer of kinetic

energy from the mean flow to the turbulence. It also represents transfer of mean kinetic energy

to turbulence i.e. the work done by turbulent stress againstmean strain. It is postulated that

this transfer of energy takes place from mean flow to large size scale eddies in turbulent flow.

The second term on RHS is the product of the density and specific turbulent dissipation rate,

which represents the rate at which turbulent kinetic energyis destructed and converted into

internal energy. It is postulated that this mechanism occurs in small size eddies. The third and

fourth term on RHS represents the molecular and turbulent diffusion of kinetic energy. They

are modeled by using gradient diffusion assumption. The units of turbulent kinetic energyk are

m2/s2. The terms on LHS of Eq. 3.29 represent the unsteady and transport terms. The first term

on RHS represents the rate of production of specific dissipation rate. The second term represents

the destruction of specific dissipation rate and the third and fourth terms on RHS represent the

molecular and turbulent diffusion. The units ofω ares−1. The constants in Eq. 3.28 and 3.29

are,α = 5/9, β = 3/40, β∗ = 0.09, σ = 0.5, σ∗ = 0.5.

3.2.3 Boundary-conditions for turbulence models

The free stream and wall boundary conditions for various turbulence models [77, 12] are stated

below with subscript∞ andw representing the freestream and wall conditions.

Spalart-Allmaras model

ν̃∞ = 0.1µ∞

ρ
∞

, and(νT )w = 0.

k-ω model

ω∞ = (10ũ∞)/L andk∞ = 0.01ν∞ω∞ andω → 6νw/(βy2) asy → 0; (ω)w = 106νw/(β1△y2
1)

asy → 0; for △y+
1 < 3 (for smooth wall), where△y1 is the normal distance to the next point

nearest from the wall,β1 = 3/40 andL is the length of the domain.
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3.3 Numerical method

The governing equations for any fluid flow can be expressed in form of partial differential equa-

tions or integral equations. The exact analytical solutions of these equations is difficult to obtain

for complex flows such as shock-wave turbulent boundary-layer interactions. As an engineer-

ing approach, these partial differential equations or integral equations are discretized to system

of algebraic equations. Generally the Taylor series [78] isused to approximate the partial dif-

ferential equations to system of algebraic linear equations. There are different discretization

techniques like finite difference, finite element and finite volume [79]. In this chapter, we re-

strict ourselves to the finite volume method approach and formore details of it, we can refer

to textbooks by Hirsch [78], Laney [78], Toro [78], Leveque [80] and Blazek [81]. We use

Reynolds-Averaged Navier-Stokes (RANS) equations [76] for solving the high-speed super-

sonic flows. Basically the terms in RANS equations can be viewed as three terms, the inviscid

or convective terms, the viscous terms and the source terms.

The shock-wave/turbulent boundary-layer interaction cases [16, 9, 4] includes different

high gradient regions such as separation bubble, shock-waves, expansion waves, shear-layer

and boundary-layer flow separation point and re-attachmentpoint and, all of these physical

features in the flowfield has to be captured accurately using appropriate CFD methods. For

steady-state solution of the supersonic flows the hyperbolic and elliptic nature dominate the

flow. For supersonic steady flows the convective terms dominate in the inviscid regions and the

flow is hyperbolic in nature in space. For boundary-layer flows and separated flows the diffusive

terms dominate. In a separation bubble the flow is diffusive in nature hence the information can

flow in all the directions and the flow posses elliptic nature in this confined region. The central

differencing scheme can be used to discretize the viscous terms.

In-house code [84] is used in our simulations in Chapters 5, 6, 7 and 8. The code

is capable to run on parallel machines. Reynolds-averaged Navier-Stokes equations are used

in either two-dimensional, three-dimensional or axisymmetric. The Spalart-Allmaras andk-ω

turbulence models are included in the code. The governing equations are discretized in a finite

volume formulation where the inviscid fluxes are computed using a modified (low-dissipation)

form of the Steger-Warming flux splitting approach [85]. Theturbulence model equations are

fully coupled to the mean flow equations. The details of the formulation are given in Ref. [84].

The method is second order accurate both in stream-wise and wall normal directions. The

31



viscous fluxes and the turbulent source terms are evaluated using central difference method. The

implicit Data Parallel Line Relaxation method of Wrightet al. [86] is used in two-dimensional

and axisymmetric simulations and Data-Parallel Lower-Upper Relaxation method [87] is used

in three-dimensional simulations to integrate in time and to reach steady-state solution. The

code has been used successfully in several supersonic and hypersonic applications [12, 88, 90,

89].

In the following, we briefly discuss about the finite volume formulation and flux-vector

splitting scheme of Steger-Warming [13] and modified Steger-Warming [85], for solving RANS

equations usingk-ω model for perfect gas. Next, we discuss the explicit time integration method

to obtain steady state solution followed by the numerical boundary conditions.

3.4 Conservation form

The RANS equations in tensor notation are given by Eqs. 3.5, 3.6, 3.7, 3.18, 3.20, 3.21, 3.22,

3.28 and 3.29 (see Section 3.1). In this section we use standard two-equationk-ω model [76]

to calculate the eddy viscosity (see Subsection 3.2.2). In two-dimensional RANS equations

we solve for one continuity, two momentum, one energy, one turbulent kinetic energy, and one

dissipation of turbulent kinetic energy, equation along with turbulent closure equations. A total

of six equations are solved simultaneously to obtain six conservative variablesρ, ρũ, ρṽ, ρẼ, ρk

andρω. From these conservative variables, the six primitive meanflow quantities are derived as,

ũ, andṽ, densityρ, temperaturẽT , andk andω. The mean pressurep is calculated from perfect

gas law. The two-dimensional system of RANS equations can bewritten by single equation in

conservation form by,
∂U

∂t
+ ∇.(~F + ~G) = Q (3.30)

WhereU is the set of conservative vector variables,~F is the flux vector in x-direction and~G

is the flux vector in the y-direction and,Q is the source term. The total fluxes are written as

inviscid part and viscous part. The subscripts I and V represent the inviscid and viscous terms.

These equations are written in Cartesian form.

∂U

∂t
+

∂F

∂x
+

∂G

∂y
= Q (3.31)

F = FI + FV ; G = GI + GV (3.32)

U =
[

ρ ρũ ρṽ ρẼ ρk ρω
]T

(3.33)
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ρũk
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(3.34)

FV =


























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GV =














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
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







0
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∂y
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∂y
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∗)∂k

∂y
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∂y





























(3.36)

Q =
[

0 0 0 0 (Pk − β∗ρkω) (αω
k
Pk − βρω2)

]T

(3.37)

Hereρ is the mean density of fluid,̃u, ṽ are the mean velocities in thex andy direction,p is the

mean pressure and,txx, txy are the mean viscous stresses acting on a fluid and,τxy, τxy are the

Reynolds stresses.̃E represents the averaged total energy,ẽ is averaged specific internal energy,

andPk represents the production of turbulent kinetic energy. ThesuperscriptT represents the

transpose of the matrix. The other details of the terms in theabove matrices are presented in

Sections 3.1 and 3.2. The Eq. 3.30 is integrated over the control surface area (CS) of control

volume (CV) in Fig. 3.1a to give,

∂

∂t

∫∫∫

CV

UdV +

∫∫

CS

[

( ~FI + ~GI) + ( ~FV + ~GV )
]

.(n̂dS) = Q (3.38)

∂U

∂t
= − 1

Vi,j

[

~Fi+1/2,j .~Si+1/2,j + ~Fi−1/2,j .~Si−1/2,j + ~Gi,j+1/2.~Si,j+1/2 + ~Gi,j−1/2.~Si,j−1/2

]

+ Q

(3.39)
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Figure 3.1: (a) Two-dimensional control volume used in finite volume formulation, where the
grid points are represented by solid circles with small indices ofi andj and cell centers are
shown by crosses represented by caps indices ofI andJ . (b) Calculation of normal surface
vector~Si,j+1/2.
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Figure 3.2: The conservative variableUI,J at cell center calculated from the fluxesF andG
passing through the cell boundaries in the x- and y-directions.

~Si+1/2,j = +(yi+1,j+1 − yi+1,j )̂i − (xi+1,j+1 − xi+1,j)ĵ

~Si−1/2,j = −(yi,j+1 − yi,j )̂i + (xi,j+1 − xi,j)ĵ (3.40)

Vi,j = [|(xi,j − xi+1,j)yi+1,j+1 + (xi+1,j − xi+1,j+1)yi,j + (xi+1,j − xi,j)yi+1,j|
+|(xi,j − xi+1,j+1)yi,j+1 + (xi+1,j+1 − xi,j+1)yi,j + (xi,j+1 − xi,j)yi+1,j+1|]

(3.41)

n̂ is the unit normal vector to surface areadS as shown in Fig. 3.1a. Here~Si+1/2,j and~Si−1/2,j

are the surface area vectors and,î and ĵ are unit vectors in i and j direction.x andy are the
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coordinates of the grid points andVi,j is the control volume. The evaluation of~Si,j−1/2 is shown

in Fig. 3.1b. The vector~DC = ∆x̂i + ∆yĵ. where∆x = xi+1,j − xi,j and∆y = yi+1,j − yi,j.

Hence the normal vector is calculated as~Si,j−1/2 = ∆yî−∆xĵ. Similarly ~Si,j+1/2 is evaluated.

The control volume in Fig. 3.1a is calculated as summation ofarea of triangles ABD and BCD.

There are several methods for evaluation of fluxes using finite volume method. The detail

formulation of the flux discretization schemes like Mac-Cormack, Steger-Warming, Van-Leer,

Advection Upstream Splitting Method (AUSM), Total Variation Diminishing (TVD), Roe, and

Weighed Essentially Non-Oscillating (WENO), can be found in standard textbooks [78, 82, 83,

80, 81]. In the below sections we discuss the brief formulation of Steger-Warming [13] and

modified Steger-Warming methods [85].

3.5 Steger-Warming method

In this section we describe briefly about the Steger-Warmingmethod [13] applied to one-

dimensional Euler equations, which are used to solve inviscid supersonic flows. The Eu-

ler equations are hyperbolic in nature. The basic requirement for hyperbolic flow is that the

eigen values should be real, distinct and positive [80]. Some of the basic discretization tech-

niques [78, 82, 83, 80, 81] used in solving the the governing equations are forward difference,

backward difference, central difference and upwind difference. In an upwind scheme spatial

differencing is done on the mesh points on the side from whichthe information or wind flows.

Upwind schemes use information of the local wave propagation explicitly. The eigen values pro-

vide the direction of information in the flow. Central difference schemes even though they are

simple to discretize for complex equations, they are unstable compared to the upwind scheme.

Basically the Steger-Warming method [13] was formulated for high speed inviscid flows

to capture shocks by taking the advantage of the hyperbolic nature of the Euler equations. The

physics of the characteristic waves is taken into consideration in its formulation. Simple one-

sided up-winding (as applied to linear-advection equation), cannot be used to discretize the

system of the Euler equations. Since the Euler equations hasmixed nature of eigen values,

the information can propagate in either direction and depends not only the velocity terms but

also the pressure terms in the fluxes. The flux-vectors and theeigen values are splitted accord-

ing to the upwind direction of information propagation. We consider one-dimensional Euler

equations to evaluate the fluxes. The same methodology can beextended to the two- and three-
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dimensional flows. In this section we do not take co-ordinatetransformations into consideration

for simplicity.
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whereE=ρe + 1/2ρu2 is the total energy ande = CvT is the internal energy. The flux vector is

function of the conservative variable vector and is evaluated as,

[F ] = [A][U ] (3.44)

whereA is the Jacobian matrix andU is the conservative variable vector. The Jacobian ma-

trix, A is calculated by taking the partial derivative of the flux-vector with respect to vector of

conservative variable.

A =
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∂U
(3.45)
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With this Jacobian matrix we write the characteristic equation to find the eigen values.

det[A − λI] = 0 (3.47)

whereI is the identity matrix. The three eigen values (λk, k = 1,2,3) of the above matrix are

Λ = diag(u, u + a, u − a)

Hereu is speed of the flow anda corresponds to the speed of the sound. The corresponding

left eigen vector matrix and right eigen vector matrix is evaluated asT andT−. For each eigen

value ofλ1, λ2 andλ3 the corresponding eigen vectors are calculated as given by Eqs. 3.48, 3.49

and 3.50. Each of the these single column1 × 3 matrix of eigen vectors are arranged in three

columns of a3 × 3 square matrix to form a right eigen vector matrixT as given by Eqs. 3.51.
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Herer is 1× 3 single column eigen vector withp = (1, 2, 3) andk = (1, 2, 3). |rp
k| corresponds

to the right eigen vector single column matrix formed by calculating the three eigen vectors

r1
1, r

2
1, r

3
1 in Eqs. 3.48, for corresponding eigen valueλ1. Similarly other terms in Eqs. 3.49 and

3.50 are defined.

[A][r1
1r

2
1r

3
1] = λ1[r

1
1r

2
1r

3
1]

T
(3.48)

[A][r1
2r

2
2r

3
2] = λ2[r

1
2r

2
2r

3
2]

T
(3.49)

[A][r1
3r

2
3r

3
3] = λ3[r

1
3r

2
3r

3
3]

T
(3.50)

[T ] = [|rp
k||r

p
k||r

p
k|] (3.51)

The left eigen vector matrix is calculated by taking the inverse matrix of the right vector matrix.

Using T andT− the negative and positive Jacobian matrices are calculated. The Jacobian is

splitted into positive and negative parts by splitting the eigen values into positive and negative

parts. The diagonal matrixΛ+ contains only positive eigen values and diagonal matrixΛ− has

only negative eigen values.

A = A+ + A− (3.52)

λk = λk+ + λk− (3.53)

λk+ =
λk + |λk|

2
(3.54)

λk− =
λk − |λk|

2
(3.55)

Λ = Λ+ + Λ− (3.56)

Λ+ = diag(
λk + |λk|

2
,
λk + |λk|

2
,
λk + |λk|

2
) (3.57)

Λ− = diag(
λk − |λk|

2
,
λk − |λk|

2
,
λk − |λk|

2
) (3.58)

A+ = TΛ+T−1 A− = TΛ−T−1 (3.59)

The fluxes are then splitted according to the sign of the Jacobians as positive and negative parts

as below.

F = F+ + F− (3.60)

F+ = A+U F− = A−U (3.61)

The above fluxes are evaluated for subsonic flows. For supersonic flows the information flows

in downstream direction and there is no information flows is upstream direction. Hence for

supersonic flowsF+ = F andF− = 0. The information in a flow can come from upstream
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or downstream direction and depending on it, the discretization is done to the fluxes. In a

control volume these fluxes are calculated at the cell faces with the help of the Jacobian and

the values of conservative variables are taken from the cellcenter. The up-winding scheme is

applied, where the positive and negative fluxes are calculated in the direction from which the

information (wind) flows. In the Steger-Warming method the Jacobians are calculated at the

cell-centers and the fluxes are evaluated using this Jacobians and is given by Eq. 3.62.

First-order method

F+i
= A+i

Ui

F−i+1
= A−i+1

Ui+1

(3.62)

For hyperbolic nature of the Euler equations, the eigen values are real and distinct. In the Steger-

Warming method, the modification is made to the eigen values when they become either zero

or one. This can happen when the flow becomes sonic for local Mach number = 1 or stagnant

for M = 0 in some regions. One of the examples is the regions at blunt-nose the of the vehicle.

To overcome this problem, the eigen values are corrected (λ̃), with the use of a small value of a

constant,ε = 0.3.

λ̃± =
[

λ± ±
√

(λ± + ε2a2)
]

(3.63)

The high quality solutions of supersonic undisturbed boundary-layers are obtained by settingε

= 0, than the original eigen values are restored from this modified eigen value.

3.6 Modified Steger-Warming method

The Steger-Warming [13] method when applied to the viscous flows results in large numerical

dissipation [85] across the boundary-layer. Also it creates fictitious pressure gradient which

causes the unrealistic convection within the layer. It has similar problems across free shear-

layers. MacCormack and Candler [85] modified the Steger-Warming method to reduce the

excessive numerical mixing in the boundary-layer and free shear-layer flows. In the Steger-

Warming method the evaluation of Jacobians at the cell centers resulted in excessive numerical

dissipation in the boundary-layer. In the modified Steger-Warming method the Jacobians are

modified and are calculated at cell-interfaces (see Fig. 3.4) and from these values the fluxes

were calculated as given by Eq. 3.64. This formulation reduces the numerical dissipation in the

boundary layer. Fig 3.3 shows the the velocity profile distribution in boundary-layer computed
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using the the modified Steger-Warming [85] is represented bydiamond symbols and the Steger-

Warming method [13] is represented by square symbols. The results are compared with the

Blasius theory [91] depicted by solid line. The modified Steger-Warming method predicts real-

istic velocity profile and is close to the theory. The standard Steger-Warming method predicts

unphysical excessive velocity gradients near the wall and deviates from Blasius theory [91].

Figure 3.3: Comparison of computed velocity profile using modified Steger-Warming [85]
method (diamond symbols) and Steger-Warming method [13] (square symbols) with Blasius
theory [91] (solid line).

First-order method

F+i
= A+i+1/2

Ui

F−i+1
= A−i+1/2

Ui+1

A±i+1/2
= A±

[

1
2
(Ui + Ui+1)

]

(3.64)

Time integration

Un+1
i = Un

i − △t

△x
[Fi+1/2 − Fi−1/2]

n (3.65)

Un+1
i = Un

i − △t

△x
[(F+i

+ F−i+1
) − (F+i−1

+ F−i
)]n (3.66)

Un+1
i = Un

i − △t

△x

[

(F+i
− F+i−1

) + (F−i+1
− F−i

)
]n

(3.67)

The one-dimensional Euler equation is solved using the explicit method as in Eq. 3.66, where

the forward differencing is used. In this explicit formulation the conservative variables at time
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stepn + 1 are evaluated asUn+1
i from the known conservative varablesUn

i and fluxes at time

stepn, and the solution is marched in time to obtain steady state solution. Here,n represents

the former time step andn + 1 represents the updated or new time step. The only unknown

term isUn+1
i and is calculated explicitly in the from the known terms on RHS, hence the name

explicit method is coined to this approach.

i+1
DC

Ui
xi­1

Facei­1/2 Facei+1/2

F+ i

F­ i

Cell­center

F­ i+1

F+ i­1

Fi+1/2 = (F+ i + F­ i+1)

x

Fi­1/2 = (F+ i­1 + F­ i)

i

Figure 3.4: Physical interpretation for evaluation of conservative variable at cell-center, using
fluxes at cell-interfaces, for the first-order method (reproduced from Hirsch [78]).

Fig. 3.4 shows the physical interpretation for evaluating the fluxes with the first order

scheme of Eq. 3.67. The positive and negative fluxes in Fig. 3.4 are attached to the characteris-

tics of positive and signs (eigen values). To evaluate the conservative variable at cell center the

fluxes are evaluated at cell facesi + 1/2 andi − 1/2. Fig. 3.4 shows that the flux at interface

Fi+1/2, at D is calculated from the positive flux vectorF+i
coming from left hand side and neg-

ative flux vectorF−i+1
coming from right hand side ofUi. Similarly the flux at interfaceFi−1/2,

at C is evaluated. Both of these fluxes,Fi+1/2 andFi−1/2 contribute to the conservative variable

Ui at cell center. Fig. 3.4 shows that for an upwind direction ofpositive fluxes the backward

difference method is used and for negative fluxes of downwinddirection, the forward difference

method is used (see Eq. 3.67). Hence the discretization of the fluxes is done on the side of wind

flow (information).

Stability analysis had been carried by Steger and Warming [13] for one-dimensional Euler

equations using Von-Neuman stability condition [78]. In this analysis the Jacobian matrix is

freezed and and decoupling is done to system of simple advection equations. The Fourier

analysis is done by assuming the solution in the form of wavesand satisfying the condition of
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ratio of amplification of solution error to be less than 1. It is shown that the taking only positive

direction of eigen values in the upwind scheme resulted in instability. Taking the mixed signs

of eigen values resulted in stable solution. From stabilityanalysis the CFL (Courant-Friedrichs-

Lewy) is restricted to less than 1, in the explicit method dueto which only small timesteps can

be taken while solving the flow.

3.7 Second order method

The first-order upwind schemes are less accurate as they contain less number of points in a

stencil. They are more dissipative and do not give any oscillations across the high gradient

regions such as shock-waves. The second order central differencing schemes are more accurate

than first order upwind schemes and are less dissipative, butthey are unstable across the shock-

waves. The second order upwind schemes possess less numerical dissipation compared to the

upwind first order schemes and are more accurate because of more points in the stencil. By

increasing the number of points in the stencil (or order) minute details of flow physics can be

accurately captured by the numerical method.

Second order Steger-Warming method [13]

F+i
= A+i

UL
i+1/2

F−i+1
= A−i+1

UR
i+1/2

(3.68)

UL
i+1/2 = 3

2
Ui − 1

2
Ui−1

UR
i+1/2 = 3

2
Ui+1 − 1

2
Ui+2

(3.69)

Second order modified Steger-Warming method [85]

F+i
= A+i+1/2

UL
i+1/2

F−i+1
= A−i+1/2

UR
i+1/2

(3.70)

UL
i+1/2 = 3

2
Ui − 1

2
Ui−1

UR
i+1/2 = 3

2
Ui+1 − 1

2
Ui+2

(3.71)
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Figure 3.5: Physical interpretation for evaluation of fluxes for the second-order method (repro-
duced from Hirsch [78]).

Eqs. 3.68, 3.69, 3.70 and 3.71 represent the flux evaluationsusing second-order schemes.

HereUL andUR correspond to the left and right states. Fig. 3.5 gives the physical interpre-

tation for evaluating the fluxes using second order scheme. The fluxes are extrapolated to the

interfaces [78] defining the flux equal to the numerical scheme. Fig. 3.5 shows that at cell inter-

facei + 1/2 the flux is evaluated as summation of the contribution from first order scheme and

contribution from second order from left and right states.

The second order schemes give spurious non-physical oscillations across high gradients

such as shock-waves. To avoid these spurious oscillations they are converted to first order

schemes across the shock-waves. The flux limiters are used toavoid spurious oscillations or

wiggles across the shocks. The second order modified Steger-Warming method is converted to

first order method by applying the pressure limiter [88]. Flux limiters are used to limit the spatial

derivatives to physically realistic values. They come in tooperation when sharp gradients like

shocks occur. For smooth gradient regions these flux limiters are not active. The shock-wave

regions are detected if the pressure jump is greater than 50%across grid points.

The modified Steger-Warming method [85] gives less dissipation in the boundary-layers

and result in oscillations in the high gradient regions suchas shock-waves. Whereas the standard

Steger-Warming gives more numerical dissipation in the boundary-layers and is stable across

the shock-waves. To take the advantage of both the methods, ahybrid scheme is used to evaluate

the fluxes and the pressure limiter [88] is used to switch frommodified Steger-Warming scheme

to the standard Steger-Warming scheme across the shock-waves. When the pressure gradient is
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more than 50% across the shock-waves the scheme is reverted to Steger-Warming method and

when the pressure gradient is less the scheme is reverted to modified Steger-Warming method

in the boundary-layer regions. The pressure jump across high gradients is detected with the use

of pressure limiter.

The modified Steger-Warming has been applied to supersonic flows of shock-wave boundary-

layer interaction cases [12, 90] and to the hypersonic cases[85, 86, 92, 89]. The numerical

experiments [88] were done on the double cone geometry for hypersonic flows, where differ-

ent flux evaluation techniques like modified Steger-Warming[85], Roe [78], and HLLC meth-

ods [83] were applied to predict the heat transfer rates. Amongst these flux evaluation methods,

the modified Steger-Warming [85] method was found to give less numerical dissipation and

predicted accurate results compared to the experiments.

3.8 Boundary conditions

Fig. 3.6 shows computational domain with different boundaries for supersonic flow over flat-

plate at zero angle of attack. Total number of cells aremx × my, wheremx is number of cells

in flow-parallel direction andmy is total number of cells in flow-normal direction. The dummy

cells are represented by dashed-lines and their cell centers are marked by circles. The inner cells

are represented by solid-lines and their cell centers are marked by crosses. No computations

are done at dummy cells. They serve to calculate the fluxes at cell faces of inner cells along

the boundaries as shown in Fig. 3.6. The boundary conditionsapplied to turbulent variables

is discussed in Subsection. 3.2.3. The boundary-conditions applied at dummy cells for other

variables are discussed below.

Inlet

The free-stream conditions are assigned ati = 1 with j varying from 1 tomy.

u(1, j) = V∞, v(1, j) = 0

ρ(1, j) = ρ∞, T (1, j) = T∞

(3.72)

Here,u andv are velocity components in the flow-parallel and flow-normaldirection,ρ is the

density, andT is the temperature. The subscript∞ represent the freestream conditions. The

pressure is calculated from the equation of state.
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Figure 3.6: Computational domain along with boundary conditions for flat-plate configuration.

Symmetry

The symmetry conditions are assigned atj = 1 andi = 2. The variables are mirrored over

symmetry boundary.

u(2, 1) = u(2, 2), v(2, 1) = −v(2, 2)

ρ(2, 1) = ρ(2, 2), T (2, 1) = T (2, 2)
(3.73)

Wall

The physical boundary conditions applied at stationary flat-plate for the viscous flow are,

~v = 0, no slip condition

∂P/∂n, constant pressure boundary layer

Tw = constant, isothermal wall

∂T/∂n, adiabatic wall

(3.74)

Here,~v is the velocity vector with componentsu andv andn is the normal direction to plate.

The above conditions are applied numerically atj = 1 with i varying from 3 tomx. The density

is calculated using the equation of state.

u(i, 1) = −u(i, 2), v(i, 1) = −v(i, 2)

ρ(i, 1) = ρ(i,2) T (i,2)
T (i,1)

T (i, 1) = 2Tw − T (i, 2)

T (i, 1) = T (i, 2)

(3.75)
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Top

The free-stream conditions are assigned at top boundary atj = my with i varying from 2 to (mx

-1).

u(i, my) = V∞, v(i, my) = 0

ρ(i, my) = ρ∞, T (i, my) = T∞

(3.76)

Exit

At the exit, the supersonic extrapolation condition is applied where the computed flow variable

values are extrapolated from inner cells withi = mx andj varying from 2 tomy.

u(mx, j) = u(mx − 1, j), v(mx, j) = v(mx − 1, j)

ρ(mx, j) = ρ(mx − 1, j), T (mx, j) = T (mx − 1, j)
(3.77)

3.9 Summary

Reynolds-averaged Navier-Stokes equations are describedfor simulation of high-speed flows.

Commonly used one- and two-equation turbulence models are used for turbulence closure. They

provide a balance between computational efficiency and accuracy of the solution. A finite-

volume based numerical method is described. It uses modifiedSteger-Warming flux splitting

approach for computing the inviscid fluxes, and second ordercentral differencing for the viscous

fluxes and turbulent source terms. An in-house code based on the above methodology is used

for the computations presented in this thesis. The method and the code has been validated for a

series of hypersonic flow applications.

45



Chapter 4

Shock-unsteadiness model

4.1 Introduction

Shock-wave/turbulent boundary-layer interaction is a complex process and some of the mech-

anisms like shock-unsteadiness, shock-distortion and turbulence amplification across shock are

dominant. The unsteady nature of shock wave is these interaction is caused by turbulence which

is unsteady is nature. RANS models are based on average quantities in the turbulent flow and

do not account for unsteady motion of shock in shock-wave/turbulent boundary-layer interac-

tions. Hence, they predict inaccurate flow in these interaction cases [9]. In-depth understanding

of the flow is required to study the mechanisms in shock-wave/turbulent boundary-layer inter-

action. This helps in knowing the limitations of standard and existing turbulence models and

these models can be improved by including the missing flow physics. When the average effect

of shock-unsteadiness is modeled and included in the RANS models, it is found to improve the

flow predictions [10].

Homogeneous isotropic turbulence interacting with a normal shock wave is taken to be

the model problem to study the flow physics. A typical flow image is shown in Fig. 4.1. This

shock turbulence interaction is an isolated problem and does not include any flow gradients

in transverse direction, flow separation, streamline curvature and no additional compression

behind the shock. This is a fundamental problem to study how different mechanisms change

the turbulence across a shock wave. Since the mean flow is uniform no vorticity is generated

from it in the upstream. Vorticity is generated solely from the turbulence. The overlapped

contours of turbulent vorticity and mean flow dilatation areshown in Fig. 4.1 at a particular

instant of time. The solid lines represents positive valuesof vorticity contours and dash lines

46



x

y

Flow

Normal shock

Vorticity

M>1

Figure 4.1: Homogeneous isotropic turbulence interactingwith a shock-wave with upstream
Mach of 2 at particular instant of time [93]. The normal shockis represented by dilatation
contours at the center of domain. The positive mean turbulence vorticity contours are depicted
by solid lines and negative contours by dash lines.

show negative vorticity contours. The normal shock is represented at the center of domain

by dilatation contours. Linear inviscid theory can be used to predict the above described flow

across the shock [94, 95, 96]. Many researchers [97, 98, 99] have studied this problem using

direct numerical simulations (DNS) to explore the underlying flow physics.

In this chapter, first we describe model flow problem. Next, turbulence model prediction

of amplification of turbulent kinetic energy across a shock wave is presented. Next, we describe

the shock-unsteadiness correction and improvement in results over existing turbulence models.

Finally, the implementation of shock-unsteadiness correction to one- and two-equation models

is presented.

4.2 Problem statement

A uniform mean flow in the stream-wisex direction interacts with a normal shock. The up-

stream flow is supersonic and the conditions are denoted by subscript 1. The downstream flow

is subsonic and denoted by subscript 2. The Rankine-Hugoniot relations are applied to calculate

the jump in flow variables, such as pressure ratiop2/p1 across a shock wave. Hereu, ρ andT
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Figure 4.2: Schematic sketch of homogeneous isotropic turbulence/shock interaction.u1 and
u2 are the mean uniform velocities andu′ andv′ are the fluctuating velocities, upstream and
downstream of shock. The shock represented by solid line is displaced byx = ξ(y,t) from its
mean position (represented by dash line).

are velocity, density and temperature.

ρ1u1 = ρ2u2

ρ1u
2
1 + p1 = ρ2u

2
2 + p2

CpT1 + 1
2
u2

1 = CpT2 + 1
2
u2

2

(4.1)

The components of mean velocity in the transversey and span-wise directionz are taken as

zero. The incoming turbulence is assumed to be homogeneous and isotropic. In homogeneous

turbulence the average of the properties are uniformly distributed over the domain and statisti-

cally they are independent of position in space. Isotropic means the turbulence is statistically

independent of direction, for exampleu′2 = v′2 = w′2. In addition, only vortical fluctuations are

considered in the upstream flow, i.e.,u′, v′, w′ 6= 0 andρ′ = T ′ = p′ = 0. Physically, it means that

the turbulence fluctuationsu′, v′, w′ are small compared to mean speed of sound, such that the

turbulence fluctuations are incompressible. whereρ is the mean density. Further acoustic fluc-

tuations are found to be negligible in supersonic boundary-layer (p′ = 0). The same is assumed

to hold in the upstream flow.

The inflow turbulence and shock wave have effect on each otherand are modified due

to their mutual interaction. First, the effect of turbulence on shock wave is described. When

the upstream fluctuations interact with the shock front, it oscillates with time hence making it
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Figure 4.3: Variation of turbulent kinetic energy across a shock wave [11] interacting with
homogeneous isotropic turbulence for upstream Mach of 1.29.

unsteady in nature [10]. The shock is stationary in the mean and is displaced by a distance

of x = ξ(y,t) in the flow direction as shown in Fig. 4.2. The shock getsdistorted in the mean

flow due the blobs of turbulence interacting with it as shown in Fig. 4.2. The unsteady shock

distortions about its mean position is assumed to be small. In the absence of turbulence, the

shock is straight, as predicted by inviscid theory.

Next, the effect of shock on turbulence is described. The velocity fluctuationsu′ andv′

are amplified across a shock-wave. Also vorticity fluctuations are intensified in the immediate

downstream of shock because of the shock wave. Later in the far downstream the amplification

of vorticity diminishes. The turbulent kinetic energyk = u′

iu
′

i/2 is amplified because of the

amplifications in the velocity fluctuations. Fig. 4.3 shows the evolution of turbulent kinetic

energy,k along the normalized shock-normal direction,x. Here,k = 1
2
(u′u′ + v′v′ + w′w′)

is normalized by its value immediate upstream of shock. The flow is similar to as shown in

Fig. 4.1 and differs in the inflow conditions. In this flow, upstream MachM1 = 1.29, turbulent

Mach number,Mt = 0.14 and Reynolds number,Reλ = 19.1.

The turbulence is sustained because of mean velocity gradients. As there are no mean

flow gradients outside the shock, there is no means for production of k in the upstream of

shock, hencek decays up to x = 2 as shown in Fig. 4.3. Across the shock,k is amplified up to

about 1.3. Immediately downstream of shock wave,k exhibits non-monotonic behavior because

of transfer of energy between different modes. Acoustic energy is generated at the shock. A

part of it decays rapidly behind the shock and is transferredto the vortical mode. This results
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in an increase ink between x = 2.1 m and x = 2.7 m. Further downstream (for x> 2.7 m),k

decays monotonically because of turbulent dissipation.

For canonical flows the normal Mach number can be calculated.For example, Smitset

al. [100] performed experiments for compression corner flows with M∞ = 2.9 and corner angle

= 8◦. An oblique shock is generated at corner with interacts withturbulent boundary layer over

plate. If it is assumed that the flow is across the a single normal shock, it yields a normal Mach

number of 1.29.

4.3 RANS prediction

The standardk-ǫ model [76] is used to compute homogeneous isotropic turbulence interacting

with normal shock with upstream Mach of 1.29. The turbulent Mach number,Mt = 0.14 and

Reynolds number based on Taylor micro-scale,Reλ = 19.1. The one-dimensional steady mean

flow for this problem is given by,

ρū
∂k

∂x
= Pk − ρǫ (4.2)

ρū
∂ǫ

∂x
= −cǫ1Pk

ǫ

k
− cǫ2

ǫ2

k
(4.3)

Here, the diffusion terms are assumed to be negligible across shock wave.̄u is the mean com-

ponent of velocity in the x-direction,ǫ is the turbulent kinetic energy dissipation rate and,cǫ1 =

1.35 andcǫ1 = 1.8 are model constants. The production of turbulent kinetic energy is given by,

Pk = τij
∂ui

∂xj
(4.4)

whereτij = 2µT [Sij − (1/3)(∂uk/∂xk)δij] − (2/3)ρkδij . In two-dimensions the production

term can be written as,

Pk = τxx
∂u

∂x
+ τxy

∂u

∂y
+ τyx

∂v

∂x
+ τyy

∂v

∂y
(4.5)

Across a normal shock-wave the first term is higher in order ofmagnitude compared to the other

terms, therefore the production of turbulent kinetic energy becomes,

Pk =

[

2µT
∂u

∂x
− 2

3
µT∇.~u − 2

3
ρk

]

∂u

∂x
(4.6)

In a normal shock∇.~u ≈ ∂u/∂x, therefore the above equation simplifies to

Pk =
4

3
µT

(

∂u

∂x

)2

− 2

3
ρk

∂u

∂x
(4.7)
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or

Pk =
4

3
µTS2

ii −
2

3
ρkSii (4.8)

From this expression it shows the production of turbulent kinetic energy across a shock

is proportional toS2
ii ∝ (∂u/∂x)2 ∝ 1/δ2, whereSii is the dilatation andδ is the thickness of

shock. Since this dilatation term is large across a shock-wave it predicts high values of turbulent

kinetic energy. The mean dilatation is proportional to the upstream Mach number. The standard

models are sensitive to the thickness of shock waves hence the grid and as the thickness of shock

reduces they predict higher amplification ofk. Fig. 4.4a shows that the standardk-ǫ model

predicts over amplified values ofk across a shock atx = 2 compared to DNS data. Also, higher

values ofk are predicted downstream of a shock wave. Therefore,k-amplification predicted by

standardk-ǫ model is a function of upstream Mach number and thickness of ashock wave.

k2/k1 = f(δ, M1) (4.9)

Boussinesq approximation [76] states that the turbulent stresses are linearly related to the

mean strain rates via the eddy viscosity. This linear relation holds well for equilibrium flows

in which, the time scales of mean strain rate are of the same order of magnitude as that of

turbulence time scales. But this expression does not hold for highly non-equilibrium flows

such as shock-waves. Across shock wave the mean strain rate changes very fast but turbulence

requires time to get adjusted for this sudden change, i.e. the mean flow time scale and turbulence

time scales are not of the same order. Therefore the Boussinesq approximation [76] breaks down

in a shock-wave.

The standard models were modified [73, 74] to suppress the turbulent kinetic energyk

across a shock-wave by applying the realizable condition0 ≤ u′u′ ≤ 2k, whereu′ is the

fluctuating velocity in the streamwise direction. The Reynolds stress and eddy viscosity across

normal shock are given by,

τxx = −ρu′u′ =
4

3
µT

∂u

∂x
− 2

3
ρk (4.10)

µT = ρCµ
k2

ǫ
(4.11)

whereCµ = 0.09 is the model constant. Applying the realizable condition, the eddy viscosity

µT is corrected by altering the model constant.

Cµ = min
[

Co
µ, C

o
µ/ζ

]

(4.12)

51



where,Co
µ = 0.09 is the standard value,ζ = Sk/ǫ is the dimensionless mean strain rate. The

parameterS =
[

2SijSji − 2
3
S2

ii

]
1

2 and mean strain rate tensor,Sij = 1/2(∂ui/∂xj + ∂uj/∂xi).

∂u/∂x is negative across a shock wave,S = −(2/
√

3)∂u/∂x. SubstitutingS in Eq. 4.12 and

using this value ofCµ in Eq. 4.11, the Reynolds stress simplifies to

τxx = −ρu′u′ = −(0.35ρk +
2

3
ρk) (4.13)

The production of turbulent kinetic energy modifies to,

Pk = −(0.35 +
2

3
)ρkSii (4.14)

When above equation is substituted in Eq. 4.2 in place of Eq. 4.8 it yields lower values ofk

across shock wave. Fig. 4.4a shows that inspite of suppressing eddy viscosity by the relaliz-

ablility correction,k shows higher values across shock-wave. Substituting aboveEq. 4.13 in

Eq. 4.2 and integrating,k-amplification is obtained.

k2

k1
=

(

u1

u2

)
2

3
+0.35

(4.15)

The dissipation term on RHS of Eq. 4.2 has negligible effect on evolution ofk across a shock-

wave. Hence only the production term is considered to obtainabove expression. Thek-

amplification given by Eq. 4.15 is independent of shock thickness and depends only on the

upstream Mach number.

The flow is highly non-equilibrium across a shock wave since the mean flow changes

rapidly and turbulence cannot adjust to this sudden change.Hence the linear relation between

the Reynolds stress and mean strain rate via eddy viscosity breaks down. Therefore, Sinhaet

al. [10] argue that more accurate amplification ofk is obtained by settingµT = 0.

On this basis the production of turbulent kinetic energy reduces to

Pk = −2

3
ρkSii (4.16)

The above relation shows thatPk ∝ Sii and therefore a lower amplification of turbulent kinetic

energy than the original model (see Eq. 4.8). Substituting the above equation in Eq. 4.2 and

integrating yields,

k2

k1

=

(

u1

u2

)
2

3

(4.17)

In this extreme limiting case of suppressing eddy viscosityto zero value, Fig. 4.4b shows that the

k-amplification matches for lowM1 < 1.5 and shows higher values forM1 > 1.5 as compared

to DNS data.
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Figure 4.4: Comparison of standardk-ǫ and modified turbulence models results with DNS
data across a normal shock-wave. (a) Variation of turbulentkinetic energyk in the streamwise
direction atM1 = 1.29. (b)k amplification at varying Mach numbers.

Therefore from above modifications it is observed that suppressing the eddy viscosity

alone is not enough for accurate prediction ofk across a shock. The question now arises is that

what physical mechanisms would be responsible that could suppressk across a shock-wave so

as to accurate predict thek-amplification. Next step would be how do we include these physical

effects in the turbulence models. The unsteady shock motionis found to have a damping effect

on turbulent kinetic energy amplification at the shock. Sinha et al. [10] study this mechanism

using linear theory and propose the model for the productionof turbulent kinetic energy at the

shock wave whose details are presented below.

4.4 Shock-unsteadiness correction

The fluctuations in turbulent flow when interacts with a shockwave creates shock-unsteadiness.

Sinhaet. al. [10] derived the turbulent kinetic energy equation based onthe reference frame

attached to the instantaneous shock. The shock-unsteadiness correction term ink-equation has

damping effect onk amplification across a shock and is modeled using linear analysis. The

model is evaluated using DNS data. The details are presentedbelow.

The unsteady problem is converted to steady state by fixing the co-ordinates to the shock.
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Figure 4.5: Homogeneous isotropic turbulence/shock interaction. Enlarged view depicting the
velocity diagram withζ-η co-ordinate system attached to the oblique shock. The normal and
tangential components of velocity upstream and downstreamof shock are shown.

Imagine that we are sitting on the shock and in this frame of reference the shock is steady. The

linearized conservation equations of mass and momentum in the ζ-η co-ordinates are written.

The ζ-direction is tangential to shock andη is normal to it. The viscous terms are neglected

across shock and it is assumed that gradients in the shock parallel direction are negligible. In

Fig. 4.5 the part of the instantaneous shock is enlarged and shown. For small shock-distortion

ξy, cosξy ≈ 1 andsinξy = ξy. Dropping the higher order terms the velocity components inζ and

η direction are given by,

uη = (u cosξy − v sinξy) − ξt = (u − vξy) − ξt = (u + u′) − ξt

uζ = u sinξy + v cosξy = uξy + v = (u + u′)ξy + v′ = uξy + v′

(4.18)

Here,ξt is the linear shock velocity in the streamwise direction, overbar represents the Reynolds

averaged and prime represents the fluctuation quantities. The continuity and momentum equa-

tions in the steady stateζ-η coordinate system are given by,

∂

∂η
(ρuη) = 0 (4.19)

(ρuη)
∂uη

∂η
= −∂p

∂η
(4.20)

(ρuη)
∂uζ

∂η
= 0 (4.21)

Applying the chain rule of differentiation and substituting Eqs. 4.18 in above equations we
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obtain,

∂

∂x
(ρ̄ + ρ′)(u + u′ − ξt) = 0 (4.22)

(ρ̄ + ρ′)(u + u′ − ξt)
∂

∂x
(u + u′ − ξt) = − ∂

∂x
(p + p′) (4.23)

(ρ̄ + ρ′)(u + u′ − ξt)
∂

∂x
(uξy + v′) = 0 (4.24)

Multiplying thex-momentum equation withu′ and Reynolds averaging we obtain,

ρ̄ū
∂

∂x

u′2

2
= −ρu′2

∂ū

∂x
+ ρ̄u′ξt

∂ū

∂x
− u′

∂p̄

∂x
− u′

∂p′

∂x
(4.25)

They-momentum equation is multiplied withv′ and Reynolds averaged. In three-dimensional

flow similar equation forz-momentum equation is obtained and multiplying it withw′ and

Reynolds averaging gives,

ρ̄ū
∂

∂x

v′2

2
= −ρ̄ūv′ξy

∂u

∂x
(4.26)

ρ̄ū
∂

∂x

w′2

2
= −ρ̄ūw′ξz

∂u

∂x
(4.27)

It is assumed thatw′ = v′ and for small shock distortionξz = ξy, hencew′ξz = v′ξy. Summing

Eqs. 4.25-4.27 and accounting for turbulent dissipation weobtain,

ρ̄ū
∂k

∂x
= −ρ̄u′2

∂ū

∂x
+ ρ̄u′ξt

∂ū

∂x
− 2ρ̄ūv′ξy

∂u

∂x
− u′

∂p̄

∂x
− u′

∂p′

∂x
− ρ̄ǫ (4.28)

The above equation represents the transport of turbulent kinetic energy equation for homoge-

neous isotropic turbulence interacting with a normal shock. The term on LHS is the convection

of turbulent kinetic energy. The first term on RHS is the production of turbulent kinetic energy,

the second term is the shock-unsteadiness term, the third gives the shock-distortion, the fourth

is the production due to mean pressure gradient, fifth is the velocity pressure correlation and the

last term is the dissipation.

The shock-unsteadiness term is∝ u′ξt and from linear analysis,

u′ξt > 0 (4.29)

and the dilatationSii = ∂ū/∂x is negative across shock wave. Hence the shock-unsteadiness

term,

S1
k = u′ξt

∂ū

∂x
< 0 (4.30)

This shows thatS1
k has damping effect onk across shock. From above Eq. 4.29, it follows that if

u′ > 0 thenξt > 0 and ifu′ < 0 thenξt < 0. It implies that there is in-phase coupling between
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Figure 4.6: Variation ofu′ξt/u′2 as a function of upstream Mach number predicted by linear
analysis [11], used to obtain model parameterb1.

incoming turbulent fluctuations and shock motion. Theξt is written in terms of model constant

b1 timesu′, based on the assumption that shock unsteadiness is caused by turbulent fluctuation.

Therefore the termu′ξt is modeled as,

u′

iξt = b1u′2 (4.31)

Linear analysis [11] is used to obtain the ratiou′

iξt/u′2 with varying Mach numbers as

shown in Fig. 4.6. The shock-unsteadiness model closure constantb1 = 0.4 + 0.6e2(1−M1) is

obtained by curve-fit, to match the linear theory results. Substituting Eq. 4.31 in Eq. 4.30 we

obtain,

S1
k = u′2

∂ū

∂x
b1 (4.32)

Considering thek convection, production, shock-unsteadiness and dissipation terms in Eq. 4.28,

the transport of turbulent kinetic energy reduces to,

ρui
∂k

∂x
= ρu′2

∂u

∂x
(1 − b1) − ρǫ (4.33)

The Reynolds stressρu′2 = (2/3)ρk is obtained by substitutingµT = 0 in Eq. 4.10. The model

parameterb1 is modified tob′1 to accommodate effects of shock-distortion effect, production

due to mean pressure gradient and velocity pressure correlation.

b′1 = b1∞(1 − e1−M1) (4.34)
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b1∞ = 0.4 is the high Mach number limiting value ofb1 (see Fig. 4.6). Hence the final form of

turbulent kinetic energy transport equation is given by,

ρui
∂k

∂xi

= −2

3
ρkSii(1 − b′1) − ρǫ (4.35)

From above equation the production term is given by,

Pk = −2

3
ρkSii(1 − b′1) (4.36)

Hence, the the production term predicted by shock-unsteadiness correction is less compared to
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predicted by standard and modified models given by Eqs. 4.8 and 4.14. Integrating Eq. 4.35 by

neglecting the dissipation across a shock wave we obtain,

k2

k1
=

(

u1

u2

)
2

3
(1−b′

1
)

(4.37)

The above equation shows that thek-amplification predicted by shock-unsteadiness model is

less compared to predicted by realizable model (see Eq. 4.15). Fig. 4.7 shows that he shock-

unsteadiness model matches with linear analysis results over wide range of Mach numbers.

In the above analysis, the shock-unsteadiness term is modeled using linear analysis and

the results are compared with linear analysis. The model hasto be validated with the avail-

able experimental or DNS data. The shock-unsteadiness model evaluation is done with DNS

results [11] for upstream normal Mach number of 1.29 and is depicted in Fig. 4.8. The shock-

unsteadiness model matchesk-amplification at the shock wave atx = 2. Hence, the missing

physics of shock-unsteadiness in standard and realizable models has been modeled by Sinhaet

al. [10] and shows improved prediction ofk-amplification across a shock wave.

4.5 Shock-unsteadiness model implementation

The shock unsteadiness model was subsequently incorporated in one- and two-equation turbu-

lence models applied to shock/boundary-layer interaction[12]. The simplicity of the shock-

unsteadiness correction term and its basis in underlying physical phenomena makes it attractive

to use in practical applications. The model is briefly discussed below and more details can

be found in the original references. Shock-unsteadiness correction is a function of upstream

normal Mach number to shock-wavesM1n and shock identifying functionfs. In this section

we discuss the formulation of shock-unsteadiness model to one- and two-equation turbulence

models likek-ω and Spalart-Allmaras model.

4.5.1 Shock-unsteadiness modifiedk-ω model

The production of turbulent kinetic energy in the standardk-ω turbulence model [76] is given

by,

Pk = µTS2 − 2

3
ρk[Sii] (4.38)

here the eddy viscosity is,

µT = ρCµ
k

ω
(4.39)

58



where,k is the turbulent kinetic energy,ω is the specific dissipation rate and constantCµ = 1.

S =

[

2SijSji −
2

3
S2

ii

]
1

2

(4.40)

Here,Sij = 1/2(∂ui/∂xj + ∂uj/∂xi) is the mean strain rate tensor. For two-dimensional flows

the parameterS and mean dilatationSii takes the form,

S2 =
4

3

[

(

∂u

∂x

)2

+

(

∂v

∂y

)2

+

(

∂u

∂y
+

∂v

∂x

)2

−
(

∂u

∂x

) (

∂v

∂y

)

]

(4.41)

Sii =

(

∂u

∂x

)

+

(

∂v

∂y

)

(4.42)

In Sec. 4.3 it is shown that in a shock wave, the standard modelpredictsPk ∝ S2
ii (see Eq. 4.8).

This results in excessively high values of turbulent kinetic energy behind the shock, which may

be the reason why the standardk-ω model often predicts delayed separation in shock/boundary-

layer interaction flows. Sinhaet al. [10] argue that the eddy viscosity assumption breaks down

in the highly non-equilibrium flow through a shock wave and a more realistic amplification of

k is obtained by settingµT = 0 in the production term. This results inPk ∝ Sii (see Eq. 4.16)

and therefore a lower amplification of turbulent kinetic energy than the original model.

The turbulent fluctuations in the incoming flow make the shockwave unsteady. The un-

steady shock motion is found to have a damping effect on turbulent kinetic energy amplification

at the shock. Sinhaet al.[10] study this mechanism using linear theory and propose the follow-

ing model for the production of turbulent kinetic energy at the shock wave,

Pk = −2

3
ρ̄kSii (1 − b′1) (4.43)

where, the first term is obtained by settingµT = 0 in Eq. (4.38) and the second term corresponds

to the shock-unsteadiness damping mechanism. The model parameterb′1 represents the coupling

between the unsteady shock motion and the upstream velocityfluctuations, and is given by,

b′1 = max
[

0, 0.4
(

1 − e1−M1n
)]

(4.44)

It is zero for subsonic flows without shock waves and it reaches an asymptotic value of 0.4 for

high Mach numbers.

The shock-unsteadiness correction (see Sec. 4.4) is applied in thek-ω framework by mul-

tiplying the eddy viscosity term in Eq. 4.38 by the factor,

c′µ = 1 − fs

[

1 +
b′1√
3ζ

]

(4.45)
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where,ζ = S/ω is dimensionless mean strain rate andfs is the empirical function that locates

the region of shock wave in terms of the ratioSii/S. It is defined as

fs =
1

2
− 1

2
tanh [5(Sii/S) + 3] (4.46)

Incorporating the shock-unsteadiness modification ink-ω model, the production of turbulent

kinetic energy is modified as

P ′

k = c′µµT S2 − 2

3
ρkSii (4.47)

The functionfs takes a value of one in shock and high compression regions of the flow field,

such thatc′µ = −b′1/
√

3ζ and the modified production term in thek-ω model matches with

that in Eq. 4.36. Otherwise,fs = 0 and the standard form ofk-ω model is recovered. The

shock-unsteadiness modification is applied across the shock to predict the correct amplification

of turbulent kinetic energy and is applied only to thek equation only, the other governingω

equation, does not alter.

4.5.2 Shock-unsteadiness modified Spalart-Allmaras model

In standard Spalart-Allmaras model [75], the mean flow influences the turbulence field via the

production term that is a function of the mean vorticity.

PµT
= cb1ρν̃S̃ (4.48)

Here, the parameter̃S = S̄ + (ν̃/κ2d2)fv2. The vorticity magnitude is represented asS̄ =
√

2ΩijΩij , in which the rotation tensor is given asΩij = 1
2
[(∂ũi/∂xj) − (∂ũj/∂xi)], d is the

normal distance from the wall,fv2 is the damping function and the constantscb1 = 0.1355

andκ = 0.41. Therefore, the eddy viscosity is insensitive to mean dilatation in a shock wave.

However, the mean vorticity field in a turbulent boundary layer changes across a shock wave.

This can alter the production term and thus can changeν̃ in the vicinity of the shock. In a

24◦ compression corner flow [12] at Mach 2.84, for example, the interaction of a turbulent

boundary layer with an oblique shock results in a small increase inν̃ (less than 5% of the local

ν̃ magnitude).

Interaction with a shock wave enhances the turbulent fluctuations in a flow. Sinhaet

al. [10] propose the following model for the amplification of theturbulent kinetic energy and
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the turbulent dissipation rateǫ, when homogeneous isotropic turbulence interacts with a shock

wave.
k2

k1

=

(

ūn,1

ūn,2

)
2

3
(1−b′

1
)

and
ǫ2

ǫ1

=

(

ūn,1

ūn,2

)
2

3
c′ǫ1

(4.49)

where,b′1 is given by Eq. (4.44) andc′ǫ1 = 1.25 + 0.2(M1n − 1). The subscripts 1 and 2 refer

to the locations upstream and downstream of the shock, respectively, andūn is the mean flow

velocity normal to the shock. The kinematic eddy viscosityν̃ ∝ k2/ǫ, which yields

ν̃2

ν̃1
=

(

k2

k1

)2
ǫ1

ǫ2
=

(

ūn,1

ūn,2

)cb′
1

(4.50)

where,

c′b1 = 4/3(1 − b′1) − 2/3cǫ1 (4.51)

This can be achieved by a production term of the form−c′b1ρν̃Sii in the transport equation for

ρν̃.

PµT
= cb1ρν̃S̃ − c′b1ρν̃Sii (4.52)

Note that this additional term is effective only in regions of strong dilation, and therefore does

not alter the standard Spalart-Allmaras model elsewhere.

4.6 Summary

The mechanisms involved in the fundamental problem of homogeneous isotropic turbulence

interacting with shock are discussed. Linear theory can be used to predict the turbulent ki-

netic energy amplification across shock wave for this problem. Different variations of thek-ǫ

model are compared with DNS data. The standardk-ǫ model predicts very high amplication

of turbulent kinetic energy,k across shock. The realizablek-ǫ model reduces amplication of

k across and it is further reduced by usingµT = 0. Both the standard and realizable models

do not include the key physical process of unsteady motion ofshock-wave in these interaction.

The shock-unsteadiness mechanism is found to reduce the theamplification of turbulent ki-

netic energy and a model is developed to bring in this dampingeffect. The shock-unsteadiness

model improves thek predictions across shock-wave. Hence, the shock-unsteadiness corrected

Spalart-Allmaras andk-ω models are used in the simulations.
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Chapter 5

Oblique shock-wave/turbulent

boundary-layer interaction

5.1 Introduction

In this chapter, the application of shock-unsteadiness correction to the interaction of a canonical

two-dimensional oblique impingement configuration is studied. Presence of multiple shock-

waves and flow expansion in the interaction region make it more challenging to implement

the shock-unsteadiness correction [90] than earlier compression corner applications [12]. The

function used to identify the location and extent of shock waves need to be altered. Also,

the variation of flow quantities upstream of the different shock-waves cannot be prescribeda

priori , as in the compression corner cases. The current chapter addresses these issues is detail

and presents an improved implementation of the shock-unsteadiness modification for practical

flows.

The chapter is organized as follows. First, the experimental test cases and simulation

methodology is described. Next, the computed results obtained using standardk-ω model [35]

are presented. Next, the application of shock-unsteadiness correction to thek-ω model is studied

in detail. A comparison of the computed results using standard and shock-unsteadiness modified

k-ω turbulence models with experimental data is presented.
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5.2 Test case

Experiments were performed by Schulein [14] for oblique shock wave/turbulent boundary layer

interaction flows. The geometry, shown schematically in Fig. 5.1a, consists of a flat plate and

a shock generator with three different deflection angles of6, 10 and14◦. The strength of the

incident shock wave increases with deflection angle, resulting in a stronger interaction with the

boundary layer. The inviscid shock from tip of shock generator interacts with the turbulent

boundary layer developed over the flat plate. Free stream conditions areM∞ = 5, T∞ = 68.3

K and p∞ = 4008.5 N/m2 with unit Reynolds numberRe∞ = 37 × 106 m−1. The plate is

maintained under isothermal conditions of 300 K. Initiallythe experiments were done for flow

over flat plate to obtain undisturbed turbulent boundary layer properties likeδ, δ∗, θ andCf at

different locations. Wall data like pressure, skin friction and heat transfer rates were measured

along the flat plate in the interaction region.
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Figure 5.1: Oblique shock-wave/turbulent boundary-layerinteraction on a flat plate. (a) Exper-
imental configuration with shock generator deflection angleθ◦ and (b) computational domain
with appropriate boundary-conditions.

5.3 Simulation Methodology

Two-dimensional Reynolds-averaged Navier-Stokes (RANS)equations are solved for the mean

flow, as presented in Ref. [76]. The two-equationk-ω model of Wilcox [35] and the recent

shock-unsteadiness correctedk-ω model of Sinhaet al. [10] are used in the simulations. Both

the standard and shock-unsteadiness corrected models do not include any compressibility cor-

rections. The RANS equations are discretized using a finite volume discretization, where the

inviscid fluxes are computed using a modified, low-dissipation form of the Steger-Warming flux

splitting approach [85]. The discretization method is second order accurate in space. The im-
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plicit Data Parallel Line Relaxation method [86] is used to integrate the equations in time and

reach a steady-state solution. Other details of the numerical method are discussed in Section 3.3.

The computational domain is schematically shown in Fig. 5.1b. It extends 85 mm up-

stream and 150 mm downstream of the interaction region in thewall paralleli-direction. In the

wall normalj-direction, it extends to 44 mm such that the top boundary is above the oblique

shock entry and exit locations. The experiments [14] were done over a 500 mm long flat plate

and the inviscid shock was adjusted to impinge at a fixed location of 350 mm from the tip of

shock generator. Inviscid simulations were done to locate the shock impingement point. This

point is taken as origin in the computational domain such that negative values ofx are assigned

upstream and positive values in the downstream side. The inviscid shock impingement point is

matched between computation and experiment for comparing surface pressure and skin friction

data.

The boundary conditions are identified in Fig. 5.1b. Inlet profiles for the computations are

obtained from separate flat plate simulation at freestream and wall boundary conditions identi-

cal to those listed above. The value of the momentum thickness reported in the experiments [14]

is matched to obtain the mean flow and turbulence profiles at the inlet boundary of the compu-

tational domain. The inlet profile for the mean flow variablesare modified at the shock entry

point to post-shock conditions calculated analytically. Post-shock conditions are also prescribed

at the top boundary. At the wall, isothermal (Tw = 300 K), no-slip boundary conditions are ap-

plied and extrapolation condition is used at the exit boundary of the domain. The freestream and

wall boundary-conditions for the turbulence model variables are discussed in Subsection 3.2.3.

For the oblique shock-wave/turbulent boundary-layer interaction simulations,k andω values at

the boundary-layer edge in the inlet profile are prescribed as the freestream conditions at the

top boundary.

5.3.1 Grid convergence

A FORTRAN (FORmula TRANslation) code is used to generate a single-block structured

Cartesian grid in the computational domain shown in Fig. 5.1b. The mesh with exponential

stretching normal to the wall is used to span the computational domain. Along the wall, the grid

points are clustered at the origin and the mesh is stretched exponentially in the upstream and

downstream directions. A careful grid refinement study is performed by systematically varying

the number of grid points in each direction, as well as refining the cell size in critical regions.
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Figure 5.2: Variation in (a)y+
2 at the wall and (b) skin friction coefficient for deflection angleθ

= 14◦ obtained using computational grids with varying wall normal spacing at the flat plate.
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Figure 5.3: Variation of (a) wall pressure and (b) skin friction coefficient forθ = 14◦ with
changing number of wall-parallel grid points upstream of origin.

The skin friction coefficient is found to be most sensitive tothe computational mesh and is used

to identify a grid converged solution.

The grid refinement study for theθ = 14◦ strongest interaction is presented below. First,

the distance of the first cell center from the wall is successively halved from its initial value

of 2 × 10−6 m. The corresponding values in wall units,y+
2 , are presented in Fig. 5.2a.Cf

plotted in Fig. 5.2b indicate that1 × 10−6 m is sufficient for an accurate solution. Next, the

number of points in the wall parallel direction is refined until the two finest grids,300×240 and

360×240, yield overlapping results in Fig. 5.3. Finally, the numberof points in the wall normal

direction is increased to arrive at the300 × 400 grid. Figure 5.4 shows that further refinement

to 300 × 460 grid points yields less than2% variation in wall pressure and skin friction. Based
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Figure 5.4: Effect of varying number of wall-normal grid points on computed (a) pressure and
(b) skin friction coefficient forθ = 14◦.

on the foregoing study, the solution obtained on the300 × 400 grid is considered to be grid

converged.

Different Courant-Friedrichs-Lewy (CFL) numbers are usedin the computations. In the

computations, a CFL of 0.05 is used at the beginning and it is gradually increased to 10 in the

first 100 iterations. It is further increased to 500 at 1000 iterations and to 1000 at 500 iterations,

and to 5000 at 5000 iteration. A maximum CFL of 8000 is used after 10000 iterations. The

computation converges in 14 cpu hrs and it takes 20000 iterations to reach the steady state

solution. The computed solutions are checked for iterativeconvergence by plotting theCf

variation. The drop of local residue is approximately from105 to 10−5.

5.4 Results and discussions

The oblique shock-wave/turbulent boundary-layer interaction for 14◦ shock deflector is shown

in Fig. 5.5. The flow in the interaction region is complex due to the presence of multiple shock

and expansion waves along with local flow separation and reattachment. A magnified view of

the interaction region is shown in terms of the computed pressure and Mach number contours.

The adverse pressure gradient of the incident shock separates the boundary layer on the flat

plate. The streamline showing the extent of separation region is plotted and the separation

and reattachment locations are identified by S and R respectively. The separation shock and

incident shock intersect and form induced and transmitted shock waves. The transmitted shock

is short in length and terminates at the expansion waves generated by the flow turning over
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Figure 5.5: Computed (a) normalized mean dilatation (b) pressure and (c) Mach number con-
tours showing different shocks, expansion waves and separation bubble forθ = 14◦ and
M∞ = 5.

the separation bubble. The expansion fan is embedded between the induced and reflected shock

waves. It interacts with and weakens the induced shock. It also causes the induced shock to bend

and merge with the reflected shock. The compression waves generated by flow reattachment

coalesce to form the reflected shock. The Mach number decreases from its freestream value of

5 ahead of the incident shock to about 3.6 at the induced shockand is further reduced to 2.7

by the reflected shock. In parallel, the flow is compressed through these shock waves with a

decrease in the boundary layer thickness from its undisturbed value of 5.9 mm to 4 mm.

Figure 5.6 shows the variation in pressure and skin frictioncoefficient along the plate.

The experimental pressure measurements remain at freestream value up to the separation point.

It rises to about 16 kPa across the separation shock and risesfurther to about 58 kPa at flow

reattachment. Adverse pressure gradient of the separationshock decreases the skin friction

coefficient from its undisturbed boundary layer value.Cf is negative in the re-circulation bubble

and attains high values downstream of the interaction region.
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Figure 5.6: Computed (a) wall pressure and (b) skin frictionwith θ = 14◦ using standardk-ω
with M∞ = 5, compared with experiments.

The computations using the standardk-ω model shows similar trends in surface pressure

and skin friction coefficient variation. The major differences compared to the experimental data

are in the size of the separation bubble and the skin frictionat reattachment. The predicted sep-

aration point is far downstream of its experimentally measured location. The pressure rise at the

separation shock is smaller, followed by a higher pressure gradient in the reattachment region.

The computed results show some waviness in the pressure distribution downstream of reattach-

ment. The experimental pressure data also shows similar trend. This may be due to reflection

of compression/expansion waves between the wall and the reflected shock. The zero crossing

of the computedCf determines the separation bubble size as 7.6 mm. The corresponding ex-

perimental value is 34 mm. The steep rise in skin friction at reattachment grossly over-predicts

the measurements.Cf decreases further downstream to values closer to the experimental data.

Similar results have been reported in literature [55, 101, 33, 102]. The shock-unsteadiness cor-

rection significantly improves the model predictions. The issues involved in the application of

the modification and the results obtained are discussed in detail below.

5.4.1 Application of shock-unsteadiness modification

In order to incorporate shock-unsteadiness effects, we need to identify the shock waves and

high compression regions in the flow. This is done by the function fs. The correction term is to

be applied at all grid points with non-zerofs. The shock unsteadiness damping parameterb′1 is

a function ofM1n. The shock-normal upstream Mach numberM1n is calculated by taking dot

68



x,mm

y,
m

m

­10 0 10 200

4

8

0.8
0.7
0.5
0.2
0.1

S R

fs
(b)

x,mm

y,
m

m

­10 0 10 200

4

8

­0.4
­1.2
­2.0
­2.8
­3.6

S R

Siiδ0/U∞Expansion
Fan Region

Incident
Shock Induced

Shock

Reflected
Shock

Separation
Shock

(a)

x,mm

y,
m

m

­10 0 10 200

4

8

­0.4
­1.2
­2.0
­2.8
­3.6

S R

2.9
3.4

4.3
4.9

3.6
3.6

3.4
2.6

3.6
Siiδ0/U∞

(c)

Figure 5.7: Distribution of (a) normalized mean dilatationand (b)fs showing different shock
regions inθ = 14◦ interaction. (c) Points are identified in the shock-waves and upstream Mach
number is obtained along the corresponding streamlines.

product of vector~u1/a1 with unit pressure gradient vector∇p/|∇p|.

M1n =
~u1.∇p

a1|∇p| (5.1)

Here~u1 anda1 are the velocity vector and speed of sound upstream of shock wave.

The shock waves and high compression regions in the standardk-ω solution are presented

in terms of the mean dilatationSii in Fig. 5.7. The quantitySii is normalized by the freestream

velocity U∞ and boundary layer thicknessδ0 upstream of the interaction region.Sii becomes

negative across the incident and separation shocks and attains large negative values at the inter-

section of these two shock waves.Sii also identifies the induced and transmitted shock waves.

It is positive in the expansion fan. A large region of relatively low negative value ofSii is

observed in the reattachment region. This corresponds to the compression waves generated by

gradual flow turning.

The original form offs proposed by Sinhaet al. [12] is a function ofSii/S. This function
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when applied to the current configuration did not capture theseparation shock well. This is

becauseS attains high values in the lower part of the boundary layer and therefore reduces the

magnitude of the ratioSii/S, such thatfs < 0.65. In an alternate formSii/S is replaced by

Siiδ0/V , whereV is the magnitude of the local velocity vector. This yields better reproduction

of the separation shock. However small velocities very close to the wall causes difficulties in

numerical evaluation offs. Next, the maximum magnitude of mean dilatation|Sii|max over the

computational domain is used to normalizeSii in the definition offs. Although this function

identifies the shock well, it requires additional coding to identify the maximum value|Sii|max,

especially for parallel simulations run on multiple processors. Finally, the ratio ofSii to U∞/δ0

is used to define a function of the form given below. The characteristic lengthδ0 and velocity

U∞ are a priori known for a given simulation and can be specified as user input.

fs =
1

2
− 1

2
tanh[12(Siiδ0/U∞) + 4] (5.2)

The constants chosen are such thatfs takes values close to one in strong shock regions and

goes to zero outside shock waves. Depending on the level of compression, it smoothly varies

between 0 and 1. Care is taken to makefs negligible in boundary layer flows where the standard

model predictions are well validated. Fig. 5.7b shows the distribution of the above function in

the interaction region and it captures the shock waves identified in Fig. 5.7a correctly. Note that

the definition offs is based on identifying the shock waves in the computationalsolution and

no attempt has been made to tailor the function so as to match the pressure and skin friction

measurements.

In the compression ramp flow [12], the modification is active only in the separation shock.

The flow upstream of the separation shock is well characterized and the variation of Mach

number in the incoming boundary layer is readily available.By comparison, the regions of non-

zerofs in the current configuration correspond to the incident, separation, induced and reflected

shock waves. Obtaining the local upstream Mach number at grid points at these shocks is much

more challenging than the compression ramp case. Some of these values depend on the shock

pattern in the intersection region and cannot be prescribeda priori. For example, for points

in reattachment region upstream Mach number depends on the strength of the incident shock,

induced shock and expansion waves.

The values of upstream Mach number at different shocks are calculated manually by

identifying an upstream location along the local streamline in Fig. 5.7c. For the separation

shock upstream Mach number varies approximately from 1.1 to3.4 and it increases from 3.4
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Shock M1 M1n b′1

Incident 3.4 - 5.0 1.89 0.23

Separation 1.1 - 3.4 1.28 0.09

Induced 3.4 - 3.6 1.61 0.18

Reflected 2.0 - 3.6 1.85 0.2

Table 5.1: Average values of upstream Mach number normal to shock wavesM1n and shock-
unsteadiness damping factorb′1.

to freestream value of 5 near the boundary layer edge for the incident shock. Downstream of

the incident shock wave Mach number decreases to around 3.6 for the induced shock. For the

reflected shock wave, the upstream Mach number varies from around 2.0 near the reattachment

point to 3.6 at the boundary layer edge. The average values ofM1n andb′1 at the different shocks

are listed in Table. 5.1. As expected,b′1 approaches zero in the near wall region and attains high

values at the boundary layer edge. Incorporating the exact distribution ofb′1 in the code is a cum-

bersome task. A representative average value of 0.188 is used to apply the shock-unsteadiness

modification and sensitivity of the flow solution to variation of b′1 is presented.

The grid refinement study using shock-unsteadiness modifiedk-ω model, for the deflection

angleθ = 14◦ strongest interaction is done. The results are similar to that obtained in Sec. 5.3.1.

The solution obtained on the300 × 400 mesh is considered to be grid converged. The distance

of the first cell center from the wall =1 × 10−6 m is sufficient for an accurate solution.

The main effect of the shock-unsteadiness modification is toreduce the amplification of

turbulent kinetic energy across a shock-wave. This effect can be seen in the normalized eddy

viscosity contours plotted in Fig. 5.8. Standardk-ω model results in high level of eddy viscos-

ity across incident shock and in the re-attachment region. By comparison the current shock-

unsteadiness model yields much lower eddy viscosity levelsin the interaction region. The com-

puted eddy viscosity distribution using the original shock-unsteadiness modification of Sinhaet

al. [12] is also shown in Fig. 5.8b. This is very similar to the present model, except near the

separation point, whereµT /µ∞ values are somewhat higher than that observed in Fig. 5.8c.

Lower turbulence levels with the shock-unsteadiness modelresults in earlier separation

and thus a larger separation bubble than standardk-ω model. The shock pattern obtained using

shock-unsteadiness modifiedk-ω model is shown in Fig. 5.9 in terms of dilatationSii and
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Figure 5.8: Normalized eddy viscosity contours obtained using (a) standardk-ω (b) original
shock-unsteadiness [12] and (c) present shock-unsteadiness models forθ = 14◦.

pressure contours. It is qualitatively similar to that obtained using the standardk-ω model

in Fig. 5.5, but the location and shape of the different shock-waves are altered by the shock-

unsteadiness correction. Earlier separation using the modified k-ω model causes the separation

shock to shift upstream closer to experiment. It also increases the length of the separation and

transmitted shocks. The transmitted shock is very small andis not clear in the standardk-ω

solution. Larger size of the interaction region also leads to a more prominent expansion fan in

Fig. 5.9b than that obtained using the standardk-ω model.

The shock structure obtained using the current shock-unsteadiness correction has striking

resemblance to the experimental shadowgraph [14] presented in Fig. 5.9c. The high compres-

sion (negativeSii) regions match the corresponding dark lines in experimental shadowgraph.

These include the incident, separation, induced and transmitted shocks as well as the curved

pattern of the reflected shock. The experimental shadowgraph is explained in the flow diagram

in Fig. 5.9c. The expansion fan generated over the separation bubble curves the induced shock

downwards. The reflected shock on the other hand is curved upwards by the expansion fan. The
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Figure 5.9: Computations showing (a) normalized mean dilatation and (b) pressure contours
using shock-unsteadiness modifiedk-ω model forθ = 14◦, compared with (c) experimental
shadowgraph and schematic [14].

pressure contours in Fig. 5.9b clearly show the interactionof the expansion fan with the shock-

waves. The only difference between experiment and computation being the upward curving of

the induced and reflected shocks caused by a second expansionfan emanating from the end of

the shock generator. This effect and the resulting delay in the intersection of the two shocks is

not reproduced in the computed solution. This is because theshock generator geometry is not

included in the current simulations.

Wall pressure and skin friction coefficient computed using the shock-unsteadiness modi-

fied k-ω model are compared with the experiment and standardk-ω model in Fig. 5.13. The

shock-unsteadiness modification appreciably improves theflow predictions in the interaction

region. The location of the separation shock pressure rise is much closer to the experiment than

the standard model. This results in a better comparison of the pressure plateau as well as the

pressure rise in the reattachment region with the measurements. A similar trend is observed

in the skin-friction results with the drop inCf at separation point being closer to the experi-
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Figure 5.10: Comparison of (a) wall pressure and (b) skin friction coefficient forθ = 14◦ com-
puted using standardk-ω and shock-unsteadiness modifiedk-ω models over a larger domain up
to 500 mm downstream of interaction region, compared with experimental data of Schulein [14].
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Figure 5.11: Normalized eddy viscosity contours obtained using (a) standardk-ω and (b) shock-
unsteadiness modifiedk-ω models downstream of reattachment forθ = 14◦.

mental data. The reattachment point is not affected much by the modification and both models

predictions compare well with experiment. Past reattachment point, the shock-unsteadiness

modifiedk-ω model reproduces the initial build-up ofCf well, but saturates at a value lower

than the experimental data. By comparison, the standardk-ω model predicts a steep rise inCf

at reattachment followed by a gradual decrease. The maximumCf predicted at x = 10 mm is

significantly higher than the measurement.

The close match of experimental skin friction value and standardk-ω prediction at x∼ 50

mm is fortuitous. Computation over a larger domain extending up to x = 500 mm (Fig. 5.10)
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of interaction region computed using (a) standardk-ω and (b) shock-unsteadiness modifiedk-ω
models forθ = 14◦.

Separation pointa,mm Reattachment pointb,mm Separation bubble size,mm

θ◦ experi- standard modified experi- standard modified experi-standard modified
ment k-ω k-ω ment k-ω k-ω ment k-ω k-ω

14 35.7 9.9 27.1 1.7 2.3 -0.4 34 7.6 27.5

10 16.2 6.9 13.5 4.2 3.5 2.6 12 3.4 10.9

6 - 5.7 7.8 - 4.7 3.9 - 1.0 3.9

Table 5.2: Comparison of computed separation and reattachment points and separation bubble
size with experiments.a,ball distances are measured from origin in upstream direction.

shows that the standardk-ω results eventually asymptote to a value close to the modifiedk-ω

model prediction. The small difference between the two asymptotic Cf values is caused by a

build-up of eddy viscosity outside the boundary-layer in the standardk-ω solution. Figure 5.11

shows the eddy viscosity distribution downstream of the interaction region. The standardk-ω

model yields very high turbulence amplification across the reflected shock, withµT /µ∞ levels

in the post-shock inviscid flow exceeding its value in the boundary-layer. Profiles of eddy vis-

cosity plotted at different stream-wise locations downstream of reattachment point (Fig. 5.12)

show this effect more clearly. High values ofµT/µ∞ at the boundary-layer edge distorts the

eddy viscosity distribution in the boundary-layer, and this non-physical effect persists far down-

stream of the interaction region. By comparison, the eddy viscosity distribution in the modified

k-ω solution resembles that of a unperturbed zero pressure gradient turbulent boundary-layer

for x > 150 mm.

The location of separation and re-attachment points computed using the standardk-ω and

current shock-unsteadiness modifiedk-ω models is listed in Table 5.2. The corresponding points

75



x,mm

p w
,k

P
a

­40 0 400

10

20

30

40

50

60 standard k­ω
b1 = 0.05
b1 = 0.188
b1 = 0.4
experiment modified k­ω

´

´
´

(a)

x,mm

C
f

­40 0 40

0

0.003

0.006

0.009

0.012 standard k­ω
b1 = 0.05
b1 = 0.188
b1 = 0.4
experiment

modified k­ω

´
´
´

(b)

Figure 5.13: Computed (a) wall pressure and (b) skin friction coefficient forθ = 14◦ using
standardk-ω and shock-unsteadiness modifiedk-ω models with different values ofb′1, compared
with experiments from Schulein [14].

from oil flow visualization in the experiment are also tabulated. Quantitative comparison shows

that the shock-unsteadiness correction markedly improvesseparation location. As a result, the

separation bubble size is increased from 22% to 81% of the experimental measurement.

The sensitivity of pressure and skin friction prediction tothe choice of shock-unsteadiness

model parameterb′1 is presented in Fig. 5.13. The value ofb′1 is varied from lowest to highest at-

tainable values of 0.05 to 0.4. There is negligible effect ofb′1 variation on the surface properties

except for the location of the separation shock. A higherb′1 enhances the damping of turbulent

kinetic energy, resulting in lower turbulence at the shock and thereby earlier separation. How-

ever, the variation in separation location is within 7% of that obtained using the average value

of b′1.

5.4.2 θ = 10◦ and 6◦ cases

Shock generator angles of10◦ and6◦ are simulated using the standard and modifiedk-ω models

and results are compared with experimental shadowgraphs and surface measurements. A240×
400 computational grid is used in these simulations, which is based on a grid refinement study

similar to the14◦case. Details are omitted for the sake of brevity. The shock-unsteadiness

correction is implemented in these flows using the same values of b′1 andfs as discussed above.

The shadowgraphs in Fig. 5.14 and Fig. 5.15 show a reduction in the intensity of the

interaction than the14◦ case, in terms of smaller separation bubble size. The pressure and skin

friction data in Fig. 5.16 reflect the same trend with the values of separation and reattachment
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Figure 5.14: (a) Normalized mean dilatation contours computed using shock-unsteadiness mod-
ified k-ω model forθ = 10◦ andM∞ = 5, compared with (b) experimental shadowgraph from
Schulein [14].

x,mm

y,
m

m

­20 0 20 400

20
­4.4 ­3.0 ­1.6 ­0.2

Sii δ0/U∞
(a) (b)

Figure 5.15: (a) Normalized mean dilatation contours computed using shock-unsteadiness mod-
ified k-ω model forθ = 6◦ andM∞ = 5, compared with (b) experimental shadowgraph from
Schulein [14].
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Figure 5.16: Computed (a) wall pressure and (b) skin friction coefficient forθ = 10◦ atM∞ = 5
using standardk-ω and shock-unsteadiness modifiedk-ω models, compared with experiments
from Schulein [14].

points listed in Table 5.2. As in the case of14◦ shock generator, the standardk-ω model under-

predicts the separation bubble size and over predicts the skin friction coefficient at reattachment.

The shock-unsteadiness modification moves the separation location closer to experiment for

θ = 10◦ and increases the bubble size from 28% to 91% of the experimental value. For the6◦

case a separation bubble was not identified in the oil flow pattern. The standard model predicts

an incipient separation in this flow as in Fig. 5.17 and the modification increases the size of the

bubble by a small amount. The computed pressure andCf matches well with experiments.
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Figure 5.17: Computed (a) wall pressure and (b) skin friction coefficient forθ = 6◦ atM∞ = 5
using standardk-ω and shock-unsteadiness modifiedk-ω models.

5.5 Summary

In this chapter, we study the impingement and reflection of anoblique shock wave on a turbulent

boundary layer. Three configurations with shock generator angles of 14, 10 and 6◦ are chosen at

Mach 5. These cases span the range from weak shock strength with no flow separation to strong

shock strength with a large separation bubble at the shock/boundary-layer interaction region.

Both standardk-ω model and shock-unsteadiness modifiedk-ω models are applied and results

are compared to experimental data.

In spite of the geometric simplicity, presence of multiple shock waves and flow expansion

in the interaction region, makes implemention of shock-unsteadiness correction challenging.

The standardk-ω model predicts delayed flow separation and yields too high skin-friction at

reattachment. The damping effect of shock-unsteadiness correction moves the separation loca-

tion much closer to the experiment. This in turn results in close matching of the shock structure

with the experimental shadowgraph. Comparison with surface measurements show that the

shock-unsteadiness modification yields appreciable improvement over the standardk-ω model,

especially near the separation point and in the reattachment region. It however under-predicts

the skin-friction coefficient in the recovering boundary-layer downstream of the interaction.

For the weakest interaction case, the effect of shock-unsteadiness correction reduces and

both the standard and modified models predict the wall pressure and skin-friction well with the

experiments.
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Chapter 6

Simulation of a practical scramjet inlet

6.1 Introduction

A scramjet engine consists of an inlet, isolator, combustorand nozzle. The main function of a

scramjet inlet is to capture air flow from the incoming hypersonic stream, compress it through

a series of shocks or compression waves, and provide uniformflow to the combustor. There

should be maximum mass capture along with a minimum stagnation pressure loss in the inlet.

The shocks generated in the inlet and isolator replace the conventional mechanical compressors,

which are required for compressing air before combustion.

A typical inlet consists of a forebody portion, which rangesfrom the nose of the vehicle

to the cowl tip. The shocks generated on the forebody ramps compresses the air and meet very

close to the cowl tip. This ensures maximum mass capture for agiven geometry. The internal

compression portion of the inlet is comprised of the inlet duct downstream of the cowl tip. It

can have different cross sections like circular, rectangular and other intricate shapes. There are

several shock waves generated in the supersonic or hypersonic flow in a scramjet inlet. These

shock waves impinge on the vehicle body and have multiple reflection to form a train of shocks

and expansion waves between the vehicle body and the cowl plate.

The shock waves in the inlet duct interact with the boundary layer on the walls and can

result in flow separation due to strong adverse pressure gradient across the shock wave. The

shock/boundary-layer interaction often results in a complex flow pattern, comprising of addi-

tional shocks, expansion waves, shear layer and separationbubble. The separation bubbles are

highly viscous, and hence increase the stagnation pressureloss. Peak values of pressure, skin

friction and heat transfer rates are found at reattachment point. Also, the separation bubble acts
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as a blockage to the flow inside the inlet duct and can result ininlet unstart. It is therefore

important to predict the shock/boundary-layer interactions in a scramjet inlet, including the size

of the recirculation region, accurately.

In a practical inlet configuration, presence of geometric variations add to the overall com-

plexity of the flowfield. In the absence of experimental data,CFD is often relied upon to predict

and improve the performance of scramjet inlets. It is therefore essential to perform detailed

CFD simulations of the flowfield inside an inlet duct. The focus of the current work is to study

the reflection of the cowl and hinge shocks from the opposite wall and to predict the resulting

size of the separation bubble accurately using the shock-unsteadiness model.

6.2 Inlet configuration
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corners

inlet duct
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vehicle body
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forebody

(a)

forebody
shocks

flow expansion
fans

cowl shock

hinge shock

shock/boundary­layer
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Figure 6.1: (a) Geometric configuration with (b) flow schematic, for practical scramjet inlet.
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Mach numberM∞ 6.5

Temperature (K) 219.3

Pressure (N/m2) 2163.2

Density (kg/m3) 0.03436

Velocity U∞ (m/s) 1930

Table 6.1: Freestream conditions for scramjet inlet simulations.

A scramjet inlet of the mixed-compression type is shown in Fig. 6.1. The geometry is in-

verted in this figure and consists of two forebody ramps of10.5◦ and21◦ respectively, followed

by three expansion corners, each of7◦, leading to the inlet duct. The cowl is bent by6◦ and re-

sults in formation of oblique shocks from the cowl tip and hinge location. The shock/boundary-

layer interaction due to the impingement of the cowl and hinge shocks on the opposite wall is

marked in the figure. The freestream conditions listed in Table. 6.1 correspond to an altitude of

26 km.

6.3 Computational grid

The grid and boundary conditions for forebody and inlet ductare shown in Figs. 6.2 and 6.3.

Structured Cartesian grids are generated using Gridgen package [103]. Based on the grid con-

vergence study, a grid of337 × 190 is used for the whole geometry. There are 21 grid points

upstream of the nose tip, 126 points in the forebody and 190 points in the inlet duct. In the

flow-normal direction 190 points are used to span the region between the wall and the outer

boundary. The grids are clustered in high gradient regions of shock waves, expansion corners

and boundary layer regions of forebody and inlet duct. A minimum cell size of1 × 10−6 m is

taken in wall-normal direction of forebody and inlet duct. The correspondingy+
2 value varies

between 0.15 and 0.35 on the forebody and is less than 1.7 on the vehicle wall of inlet.

These conditions are specified upstream of the nose tip and along the top boundary, except

for the region close to the cowl tip, where extrapolation condition is used to avoid reflection

of forebody shock waves. At forebody, cowl and vehicle walls: isothermal (Tw = 300 K), no-

slip and zero pressure gradient boundary conditions are assigned. An extrapolation condition is

specified for the supersonic flow at the exit of the inlet duct.The freestream and wall boundary

conditions for the turbulence model variables are discussed in Subsection 3.2.3.
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6.4 Simulation methodology

We solve two-dimensional Reynolds-averaged Navier-Stokes equations [76]. The standard

Spalart-Allmaras model [75] and shock-unsteadiness corrected Spalart-Allmaras turbulence

model [12] are used in the simulations. The RANS equations are discretized using a finite vol-

ume discretization, where the inviscid fluxes are computed using a modified, low-dissipation

form of the Steger-Warming flux splitting approach [85] (second order accurate). The implicit

Data Parallel Line Relaxation method [86] is used to integrate the equations in time and reach

a steady-state solution. Other details of the numerical method are discussed in Section 3.3. The

CFL numbers used in the current simulations follow the same trend as discussed in Sec. 5.3.1.

A maximum CFL number of 1000 is used in the simulations and it takes 40 cpu hours (1,50,000

iterations) to obtain the steady-state solution.
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Figure 6.4: Computed normalized dilatation contours identifying shock regions in cowl region,
using standard Spalart-Allmaras model [75] withM∞ = 6.5.

Our focus of work is the shock/boundary-layer interaction region in inlet duct as shown

in Fig. 6.1b, where the cowl shock interacts with boundary layer on vehicle wall to form a

separation bubble. The computed shock-structure inside the inlet duct is shown in Fig. 6.4 in

terms of the normalized mean dilatation contours. The shockstructure is similar to that obtained

in the interaction of an incident oblique shock with a flat plate boundary layer, shown in Fig. 6.5.

The incident shock, separation shock, induced shock, transmitted shock and reflected shock

follow the same pattern in the two flows. The differences are the additional shock generated by

the hinge and the reflection of the induced shock from the top wall. These are not present in the

isolated shock impingement case shown in Fig. 6.5.

The flow solution computed for the impingement of an oblique shock on a turbulent bound-
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Figure 6.5: Computed normalized dilatation contours identifying shock regions using standard
Spalart-Allmaras model [75] for isolated oblique shock/boundary-layer interaction with deflec-
tion angle of 14◦ andM∞ = 5.

ary layer is shown in Fig. 6.6. The data corresponds to the 14◦ shock generator case studied

in Chapter 5. The results are similar to those presented in Sec. 5.4, except for the fact that the

Spalart-Allmaras model is used here instead of thek-ω turbulence model earlier. Note that the

standard Spalart-Allmaras model yields too small separation bubble compared to the experi-

mental data.

The variation of surface pressure in the interaction regionis plotted in Fig. 6.7, where the

initial pressure rise atx ≈ −38 mm represents the separation location. It is apparent that the

standard Spalart-Allmaras model predicts a delayed separation (x ≈ −20 mm) as compared

to the experiment. The shock-unsteadiness correction reduces the turbulent eddy viscosity at

the separation shock and thus enhances flow separation. Solutions computed using different

values of the shock-unsteadiness parameterc′b1 are also plotted in Fig. 6.7. A higher magnitude

of c′b1 yields a larger separation, andc′b1 = -2.0 is found to match the experimental separation

location closely. Also the flow topology matches the experimental schlieren image better than

the standard model (see Fig. 6.6). This value of the shock-unsteadiness parameter results in a

close match of the separation location for a range of shock strengths, and therefore it is used in

the study of cowl shock impingement.

6.5 Flowfield and wall data

Figure 6.8 shows the Mach contours on the forebody ramps. An oblique shock is generated at

the nose tip and a second oblique shock forms at the corner between the two ramps. The two
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Allmaras model [75] and (b) shock-unsteadiness modified Spalart-Allmaras model [12] for
oblique shock/boundary-layer interaction with deflectionangle of14◦ andM∞ = 5, compared
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shocks intersect to form a single forebody shock of higher strength close to the cowl tip. A shear

layer and an expansion fan emanates at the Edney type-VI shock-shock interaction [40] and is

shown clearly in Fig. 6.8b. The shear layer enters the inlet duct and forebody shock passes

slightly upstream of the cowl tip. A boundary layer developsalong the ramp surfaces and an

incipient separation bubble is formed at the ramp corner. Anaverage value of Mach number

= 3.64 is observed at exit of forebody and the turbulent boundary layer thickness is 10.8 mm

before the expansion corner.

Fig. 6.9 shows the normalized pressure along a streamline passing through the inviscid

region across the forebody shock waves. The mean pressure isnormalized with the inlet

freestream pressure. The computed pressure jump across theramp-1 and ramp-2 shocks are

slightly higher compared to the inviscid theory because of boundary layer displacement effect.

Figure 6.10 shows the shock structure of inviscid simulations in terms of pressure con-

tours. The cowl shock and hinge shock interact to from a combined shock wave. The combined

shock reflects from the vehicle wall to from a straight reflected shock. The expansion fans
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Figure 6.10: Inviscid computations showing normalized pressure contours in inlet duct.

generated at the three expansion corners bend the shock waves downwards. The flow expands

across the corner expansion fans and increases the local Mach number. The expansion fans

reflect between the cowl wall and the vehicle wall to from an expansion fan train.

The computed pressure and Mach contours (Figure 6.11) showsa complex flowfield in the

inlet duct with large separation bubble for viscous flow. Thecowl and hinge shocks impinge on

the turbulent boundary layer on the vehicle wall and form a recirculation region. A separation

shock is formed at the separation point and a shear layer develops over the separation bubble.

Intersection of the separation and incident shocks generate the induced and transmitted shock

waves. The flow turns over the separation bubble to generate an expansion fan. The compression

waves generated by flow reattachment coalesce to form the reflected shock. There are multiple

reflections of shocks and expansion waves in the duct.
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Figure 6.11: Computations showing (a) normalized pressureand (b) Mach contours in inlet duct
using shock-unsteadiness modified Spalart-Allmaras model[12].

The surface pressure and skin-friction coefficient along the inlet bottom wall is shown in

Fig. 6.12. The wall pressure is normalized with freestream pressure. The wall pressure drops

across the two expansion corners at x = 0.86 m and x = 0.94 m. Theexpansion fan at the

third expansion corner (see Fig. 6.10) is cancelled by the separation shock. Pressure rises at

flow separation, remains approximately constant along the separation bubble and rises to peak

values in the reattachment region. The skin friction data shows a large negative region between

the separation (S) and reattachment (R) points. The separation bubble is 104 mm long in the

streamwise direction and extends to about one third of the duct height.
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Figure 6.12: Computed (a) normalized wall pressure and (b) skin friction on vehicle wall of
inlet duct using shock-unsteadiness modified Spalart-Allmaras model [12].

6.6 Comparison of separation bubble size with experiments

In this section, the computed separation bubble size is compared with available experimental

data to ascertain the accuracy of the results. In the absenceof experimental data for the current

geometry, the data reported by Schulein [14] is used for validation. Specifically, the size of

the separation bubble predicted in the inlet duct is compared with those reported in the oblique

shock impingement experiments. The variations due to differences in the inflow conditions are

accounted for three cases reported in Ref. [14], which correspond to shock generator angles of

14◦, 10◦ and 6◦ placed in a Mach 5 flow with density of 0.2043kg/m3 and temperature of 68.3

K. By comparison, the flow conditions at the entrance of the inlet duct correspond to a Mach

number of 3.4, density of 0.089kg/m3 and temperature of 382.2 K. These are the inviscid

conditions downstream of the forebody ramp shock.
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Parameters Inlet Oblique shock impingement

case-1 case-2 case-3

Free stream Mach number,M∞ 3.4 5 5 5

Deflection angle,θ◦ 15 14 10 6

Inviscid incident shock strength,p2/p1 11.34 13.62 7.63 3.76

Unit Reynolds number,Re1∞ × 107, m−1 0.74 3.7 3.7 3.7

Upstream boundary layer thickness,δ0, mm 22.7 4.66 4.66 4.66

Separation bubble size,∆s, mm 104 34 12 -

Normalized separation bubble size,∆s/δ0 4.58 7.30 2.58 -

Table 6.2: Comparison of flow parameters between the scramjet inlet simulations and oblique
shock impingement cases [14].

The extent of flow separation in a shock/boundary-layer interaction mainly depends on the

shock strength and the Reynolds number of the flow. A strongerincident shock wave results

in a larger separation bubble and vice versa. On the other hand, a higher Reynolds number

results in a higher level of turbulence. This in turn leads toa fuller boundary layer profile, thus

resulting in delay of flow separation. Also, the separation bubble size is found to scale with

the boundary layer thickness upstream of the interaction. These parameters are listed for the

current configuration and for the three test cases of Schulein [14] in Table 6.2.

Deflection of a Mach 3.4 flow by the cowl shock results in a pressure rise of 11.34. A

comparison of the inviscid pressure rise values places the shock/boundary-layer interaction in

the inlet duct between the experimental test cases 1 and 2. The recirculation bubble in the

inlet duct is however much larger than those reported in the experiments. This is because of

a thicker boundary layer than that in the experimental cases. On normalizing the separation

bubble size with the incoming boundary layer thickness, thesimulation results compare well

with the experimental data. From above analysis,∆s/δ0 = 4.58 for the inlet duct lies in between

the experimental test cases 1 and 2.

The upstream unit Reynolds number in the current simulationis five times lower than that

of Schulein’s [14] cases. A lower Reynolds number increasesthe size of the separation bubble,

and therefore∆s/δ0 in the inlet duct is found to be 78% higher than that in case 2, whereas

the inviscid shock strengths vary by 49%. Thus, the simulation reproduces the effect of Mach

number, Reynolds number and upstream boundary layer thickness on the shock/boundary-layer
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interaction correctly. Thus, the computations reproduce the experimentally observed trends in

predicting flow separation in the inlet duct.

6.7 Inlet performance parameters

The variation of computed velocity, Mach number and static pressure at exit of inlet duct are

shown in Fig. 6.13 for inviscid and viscous simulations. Theinviscid computation yields an

approximately uniform streamwise velocity of (1500-1600 m/s). The variation at y≃ 0.29 m

is due to the reflected shock wave. The velocity profile obtained by the viscous simulations

matches the inviscid result in the core flow, and has lower velocity in the boundary layer. The

boundary layer thicknessδ on vehicle wall is = 16 mm and on cowl wall is = 14 mm. Overall the

viscous effects are present in 50% of the inlet duct cross section. A similar variation is observed

in the Mach distribution at the exit plane with the core flow Mach number varying between 3.0

and 3.6.

The exit plane pressure data shows similar variation in the inviscid and viscous simula-

tions. There is a large variation in pressure between y = 0.284 m and 0.29 m, which is caused

by the reflected shock passing through the exit station. The difference between the inviscid and

viscous simulation at y≃ 0.28 m is caused by the induced shock. The induced shock is gen-

erated by flow separation and therefore absent in the inviscid simulations. A reflection of the

induced shock results in a higher pressure on the cowl wall than that in the inviscid solution.

P0 inlet, MPa P0 exit, MPa πd Mexit

Inviscid 2.68 1.03 0.38 2.89

Viscous 2.66 0.62 0.23 2.0

Table 6.3: Inlet efficiency parameters for inviscid and viscous simulations of inlet duct.

An average value of total pressure and Mach number (see Fig. 6.13b) is calculated from

the profiles and listed in Table 6.3. The inlet performance parameters [104] for both inviscid

and viscous simulations are listed in Table 6.3. The pressure recovery factorπd is calculated as

ratio of average value of total pressure at duct exit to duct inlet. In an inviscid simulations 62%

losses occur across different shock waves. The viscous simulations show higher losses of 77%

and this additional loss of 15% compared to an inviscid one isdue to viscous effects.
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Figure 6.13: Computed flow variable profiles for inviscid andviscous simulations at exit of inlet
duct: (a) velocity (b) Mach number and (c) static pressure.
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6.8 Summary

Two-dimensional simulations are performed for a practicalscramjet inlet geometry using the

shock-unsteadiness modified Spalart Allmaras turbulence model. The inlet geometry consists

of two forebody ramps, followed by expansion corners leading to the inlet duct. The cowl is

hinged at 6◦ with respect to the inlet duct. The oblique shocks generatedby the cowl and the

hinge location interact with the turbulent boundary on the opposite wall to result in a large

separation bubble. The presence of multiple shocks and expansion waves, their reflection inside

the inlet duct, along with the recirculation region and freeshear layers result in a complex

flow pattern. The computed solution is used to obtain a detailed understanding the flow field,

specifically the separation bubble formed inside the inlet duct.

The shock-unsteadiness parameter is calibrated against the experimental data for the dif-

ferent oblique shock impingement cases listed in Chapter 5,and then used in the current sim-

ulation. The separation bubble size is further validated against available experimental data for

similar interactions.

Finally, the performance parameters of the scramjet inlet are obtained using the computed

flow solution. The viscous effects are present in 50% of the inlet duct cross section. The viscous

effects contribute additional≈ 15% of total pressure loss in inlet duct as compared to an inviscid

case.
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Chapter 7

Three-dimensional single-fin configuration

7.1 Introduction

The most fundamental three-dimensional shock/boundary-layer interaction is generated on a

single-fin configuration. It consists of a flat plate with a sharp fin mounted perpendicular to

it. The oblique shock wave generated by the fin interacts withthe turbulent boundary layer

on the plate and results in flow separation. The three-dimensional vortical flow thus generated

alters the inviscid flow pattern. Additional shock-waves, expansion regions and free shear layers

are generated that result in a complex flow in the interactionregion. Practical applications of

single-fin configuration include scramjet inlets, where theoblique shock generated by the cowl

interacts with the side wall boundary layer.

In this chapter, the flow in a three-dimensional single-fin configuration is studied using

Spalart-Allmaras model [75] and shock-unsteadiness modified Spalart-Allmaras [12] model.

First, the test case is described, which is followed by the simulation methodology. Next, the

flowfield is explained for the strongest shock strength case with fin deflection angle of23◦ and

M∞ = 5. Next, the shock-unsteadiness correction to Spalart-Allmaras model is applied and the

computed wall pressure and skin friction are compared with the experiments [14]. Lastly, the

computed results for deflection angles of18◦, 12◦ and8◦ at Mach 5 are presented.

7.2 Test case

The schematic of the experimental single-fin configuration used by Schulein [14] is shown in

Fig. 7.1a. The fin is inclined with deflection angle ofθ to the flow direction. Different fin
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Figure 7.1: (a) Three-dimensional single-fin configurationwith fin mounted on the flat-plate.
The surface measurements [14] were taken along the dashed lines. (b) Computational domain
with appropriate boundary conditions.

deflection angles between8◦ and23◦ are taken with stagnation temperature,T0 = 410 K and

stagnation pressure,P0 = 2.12 MPa atM∞ = 5. The fin height is 100 mm normal to the flat

plate and the fin-tip starts at a distance of 286 mm downstreamof the flat plate edge. Both the

flat plate and fin wall are maintained under isothermal condition of 300 K. The flow is turbulent,

upstream of the interaction region with a unit Reynolds number ofRe1∞ = 37× 106 m−1. Wall

data like pressure, skin friction and heat-transfer rates were measured at different cross sections

in the shock-wave/turbulent boundary-layer interaction region (see Fig. 7.1a). The undisturbed

turbulent boundary-layer properties measured on the flat plate at 20 mm upstream of the fin tip

areδ = 3.8 mm,δ∗ = 1.6 mm,θ = 0.16 mm andCf = 1.35 × 10−3.

7.3 Simulation methodology

We solve the three-dimensional RANS equations for the mean flow, as presented in Ref. [76].

The standard Spalart-Allmaras (SA) model [75] and shock-unsteadiness modified Spalart-Allmaras [12]

without any compressibility corrections is used for calculating the eddy viscosity. In-house code

of Sinhaet al.[84] is used in the simulations. The governing equations arediscretized in a finite-

volume formulation where the inviscid fluxes are computed using a modified (low-dissipation)

form of the Steger-Warming flux-splitting approach [85]. The method is second order accurate

both in streamwise and wall-normal directions. The other details of the code are described in
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Section 3.3.

The freestream conditions areT∞ = 68.3 K and p∞ = 4008.5 N/m2. The computa-

tional domain and boundary conditions are identified in Fig.7.1b. At the fin wall and flat plate,

an isothermal wall with no-slip condition is applied. An extrapolation boundary condition is

assigned at top and exit planes. The freestream and wall boundary conditions for the turbu-

lence model variables are discussed in Subsection 3.2.3. Inlet profiles for the computations are

obtained from separate two-dimensional flat plate simulation at freestream and wall boundary

conditions identical to those listed above. The value of themomentum thickness reported in

the experiments [14] is matched to obtain the mean flow and turbulence profiles at the inlet

boundary of the computational domain.

A single-block grid is generated using a FORTRAN code. A structured Cartesian mesh

with exponential stretching normal to the plate and fin wallsis used to span the computational

domain. The origin is taken at tip of single-fin and the grid isstretched exponentially in the

upstream and downstream directions of origin. A careful grid refinement study is performed

by systematically varying the number of grid points in each direction, as well as refining the

cell size in critical regions. A converged grid of140 × 160 × 160 is obtained with 140 points

along the streamwise direction, 160 points transverse to the flow and 160 points normal to the

plate. At the wall the minimum distance of1 × 10−6 m is taken, in wall-normal direction. The

y+
2 varies between 0.06 in the undisturbed boundary-layer to a maximum value ofy+

2 < 0.6 in

the shock/boundary-layer interaction region. This value of y+
2 is sufficient to capture the high

gradients of mean and turbulent variables in the boundary-layer in the wall-normal direction,

especially at the reattachment region.

In the computations, a CFL of 0.05 is used at the beginning andit is gradually increased

to 10 in the first 3500 iterations. It is further increased to 100 at 6000 iterations and to 1000 at

8000 iteration. A maximum CFL of 5000 is used after 10000 iterations. The corresponding time

steps vary from2× 10−12 sec for the initial iterations to2× 10−5 sec at steady state solution. It

takes 190 cpu-hours to reach the steady state solution in 30,000 iterations.

7.4 Flow physics

An isometric view of the flow solution computed for the23◦ fin is shown in Fig. 7.2. The

normalized pressure contours are taken at two x-sections of92 and 183 mm to identify the
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shock structure. The flow pattern is depicted by streamlinestaken at the cell adjacent to the flat

plate. Very near to the wall these streamlines behave similar to the skin-friction lines.

A planar shock-wave generated by the fin interacts with the turbulent boundary-layer on

the plate. It separates the boundary-layer and results in the formation of separation shock.

The flow separates at primary separation line S1 and attachesat primary reattachment line R1
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Figure 7.4: (a) Experimental [106] pictorial diagram for deflection angleα = 16◦ andM∞ =
3.95. (b) Computed normalized stagnation pressure contours at x-section = 123 mm, forθ = 23◦

andM∞ = 5.

near the fin wall. The streamlines converge at separation line S1 and the fluid moves upwards

normal to the plate and then turns in counter clockwise direction to form a helical flow as shown

in Fig. 7.3. Two stream surfaces originating atz/δ0 = 0.8 andz/δ0 = 0.25 are shown, where

z is the normal distance from the plate andδ0 is the undisturbed boundary-layer thickness. At

the reattachment line the fluid impinges on the plate from top, making the streamlines diverge

in either direction. The inviscid shock-wave in Fig. 7.3 bifurcates into a lambda structure and

encloses the vortex region.

The experimental [106] flowfield schematic is shown in Fig. 7.4a. The inviscid shock bi-

furcates and forms a separation shock and a rear shock, and results in the formation of lambda

structure. The boundary layer separates across the separation shock and forms a conical vortical

flow (displayed by shaded region) underneath the lambda shock structure. A slip line is gen-

erated from the triple point of intersection of three shock waves and a set of compression and

expansion waves are formed between the shear layer and the slip line. The computed contours

of local stagnation pressureP0 is normalized with the freestream stagnation pressureP0∞ and

is shown in Fig. 7.4b. The computed flow features match qualitatively with flowfield diagram

in Fig. 7.4a. The shear-layer is observed over the vortex region, which emanates from the sep-

aration point and interacts with the rear shock-wave and then rolls up and turns back to from a

tongue. A secondary flow separation region was observed in the experiments of Schulein [14].

In the present computation, secondary flow is not predicted,but its effect is observed in the

region beneath the tongue.
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Figure 7.5: (a) Enlarged region of computed (a) pressure contours (b) Mach contours at x-
section = 123 mm.

The computed normalized pressure contours are shown in Fig.7.5a. An expansion fan is

generated when the rear shock-wave reflects from the shear layer. The computed Mach contours

are shown in Figure 7.5b. A type-IV shock-shock interaction[40] is observed at the triple

point. The alternate increase and decrease in Mach contoursin the region between shear layer

and jet represents the weak compression and expansion wavescorresponding to as observed

in Fig. 7.4a. The flow remains supersonic in the separated region. Small subsonic pockets

are observed near the corner region of fin wall and plate. The supersonic jet (shear-layer)

emanating from the triple point of shock-shock interactionimpinges on the flat plate. High

values of pressure is observed in the impingement region marked in Fig. 7.5a. A small fin-

vortex is formed when the fluid coming from the inviscid region interacts with fin wall and

turns in the clockwise direction, as viewed from the downstream direction. A corner-vortex was

observed in the vapour screen images of the experiments [57].

7.5 Comparison of computed wall data with experiments

In Fig. 7.6, the computed normalized pressure and velocity contours are overlapped with the

normalized wall pressure and skin friction on the flat plate at x-section = 123 mm. The sur-

face data is taken along the dashed lines as shown in Fig. 7.1a. The distance along y-axis

is normalized with the corresponding x-section distance measured from the fin-tip. The wall

pressure remains constant in the undisturbed boundary-layer before the interaction region. The

separation shock affects the upstream flow at point of influence U and the wall pressure rises
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Figure 7.6: Computed (a) normalized pressure contours overlapped with normalized wall pres-
sure and (b) normalized velocity contours overlapped with skin-friction coefficient, at x-section
= 123 mm.

effectively across the separation shock at primary separation point S1. It remains constant in the

separated vortex flow and rises to peak values at primary reattachment R1. The wall pressure

then decreases away from the reattachment region and rises near the fin-plate junction. The

skin friction does not vary significantly in the unperturbedboundary-layer before the region

of influence U. The boundary-layer is compressed across the separation shock wave, hence it

increases the velocity gradient and thereby increases skinfriction. An additional rise of skin

friction in R2 region is due to higher levels of the eddy-viscosity. It then rises between S2 and

R1. At the reattachment point R1, skin friction reaches to peak value due to high values of the

velocity gradient.

Figure 7.7 shows comparison of the computed wall pressure and skin friction with the

experimental data [14]. The experiments give initial pressure rise location at y/x = 1.22, where

as the standard Spalart-Allmaras model predicts a delayed separation at y/x = 1.14. The com-

puted surface pressure compares well with experiments in the primary vortex and reattachment

point R1. The skin fiction coefficient also shows a similar trend, but the peak skin friction at

reattachment is underpredicted. The computed locations ofprimary separation point S1 and

reattachment point R1 are compared with the experimental data at different x-sections in Ta-

ble 7.1. It is observed that, at all the x-sections, the standard SA model predicts initial pressure

rise location downstream as compared to the experiment.

Next, the shock-unsteadiness correction of Sinhaet al. [12] is applied to the complex re-

gion of three-dimensional shock/boundary-layer interaction. The shock-unsteadiness parameter
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Figure 7.8: Computed normalized eddy-viscosity contours at x-section = 123 mm using (a)
standard SA model and (b) shock-unsteadiness modified SA model with c′b1 = -2.0.

c′b1 (see Section 4.5.2) is a function of the upstream normal MachnumberM1n and needs to be

evaluated at each shock wave so as to implement the shock-unsteadiness correction. The three

dimensional shock structure in the single fin configuration is quite complex. It is not easy to

find the orientation of the different shock waves and the inclination of the upstream flow at each

shock. Therefore, it is a difficult task to calculate the meanvalue ofM1n. An alternate approach

is to use different values ofc′b1 in the current single-fin case to improve the flow predictions.

Similar approach by Gaitondeet al.[105] was used for simulating three-dimensional double-fin

shock/boundary-layer interaction. The turbulence model constants were varied by limiting the

value of production term in standardk-ǫ turbulence model. A smaller value of model constant

resulted in lower turbulent kinetic energy. Hence, the computed solution resulted in a larger

separated region and matched well with the experimental flowfield and wall pressure.
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S1 R1

x-section, Exp SA modified Exp SA modified

mm SA SA

82 1.3 1.24 1.3 - 0.5 0.5

92 1.27 1.22 1.27 - 0.51 0.51

122 1.23 1.16 1.21 - 0.51 0.51

152 1.22 1.14 1.2 0.52 0.52 0.52

162 - 1.13 1.18 - 0.51 0.51

182 - 1.12 1.15 0.52 0.52 0.52

Table 7.1: Computed primary separation point S1 and reattachment point R1 compared with
the experiments [14] at different x-sections on the flat plate.

In the present case, different values of the shock-unsteadiness parameterc′b1 taken in the

simulations are shown in Fig. 7.7. The shock-unsteadiness correction reduces the turbulent

eddy viscosity in the region of the separation shock as depicted Fig. 7.8. A higher magnitude

of c′b1 = -2.0 yields a larger separation, and is found to match the experimental initial pressure

rise location closely. This causes increase in the length ofthe separation shock and hence

brings the separation point predictions close to the experiments. The modification also predicts

lower values ofµT /µ∞ in the region of y/x≃ 0.72, as compared to the standard SA model and

improves the pressure distribution in the region between S2and R2. The pressure distribution

is well predicted in the reattachment region and corner region of the plate-fin junction. Overall,

the modified SA model matches experimental data better than the standard SA model at all

locations (see table 7.1).

The skin friction is underpredicted by 42% at R1 and is over predicted between S2 and

R2 in Fig. 7.7b. A vortex region is calculated based on the distance between S1 and R1. The

standard SA model predicts vortex region of 74 mm whereas themodified SA model predicts

79 mm which is close to experimental value of 82 mm. The y/x values of primary separation

point S1 and primary reattachment point R1 can be obtained from computed skin friction plots

similar to that listed in table 7.1. The shock-unsteadinessmodel improves the location of S1

and matches well with experiments.

Computations are performed for fin deflection anglesθ = 18◦, 12◦ and 8◦ at Mach 5.
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The wall pressure and skin friction variation is presented in Fig 7.9 for the weakest interaction

case, where the standard SA and shock-unsteadiness models match. The figure shows that the

flow exhibits quasiconical nature in the interaction region. The maximum pressure is 4.5 times

less and maximum skin friction is of 3 times less as compared to the23◦ case. A maximum

vortex region of 41 mm is observed at x-section = 183 mm. The experiments [14] have been

performed for these cases but the surface data of pressure and skin friction is not accessible

due to the non-disclosure policy. The only data available ispeak pressures at reattachment

point R1 versus inviscid shock strengthp2/p1 for different angles and is shown in Fig. 7.10.

Herep1 and p2 are the inviscid pressure values in the freestream and post shock regions of
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single-fin configuration. The computed peak pressures at R1 match the experiments for different

deflection angles ranging from8◦ to 23◦.

7.6 Summary

Three-dimensional shock-wave/turbulent boundary-layerinteraction in single-fin configurations

at Mach 5 with deflection angles of23◦, 18◦, 12◦ and8◦ are presented. RANS equations with

standard and modified Spalart-Allmaras model are used in thecomputations. The inviscid shock

generated by the fin interacts with boundary layer on the adjacent flat plate to form a conical

vortex. The inviscid shock bifurcates and forms a lambda shock structure, one edge being the

separation shock and the other being the rear shock. The inviscid shock, separation shock and

rear shock interact to form Edney-type IV shock-shock interaction.

The wall pressure distribution using shock-unsteadiness model matches well for23◦ case.

Specifically, the primary separation point is predicted close to the experiments. The secondary

flow region also shows improvement. The skin friction plot predicted by shock-unsteadiness

model also shows agreement with experiments compared to thestandard model, except at reat-

tachment point where it is under predicted. The computations match the peak reattachment

pressures reported in the experiments for a range of fin angles.
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Chapter 8

Shock/boundary-layer interaction on a

cone-flare geometry

8.1 Introduction

The majority of the research on shock/turbulent boundary-layer interaction is in the Mach 1-

5 regime. At higher Mach numbers the shock waves generated byflow deflection are much

stronger than those at supersonic speeds. Therefore the shock/boundary-layer interactions ob-

served in hypersonic flows are usually stronger, resulting in larger separation bubble and higher

peak pressure than the supersonic ones. Further, hypersonic flows are often characterized by

multiple shock waves interacting with each other. These shock-shock interactions generate

additional compression and expansion waves, and free shear-layers. Simulating all the flow

features and the underlying flow physics make it harder to predict hypersonic shock/boundary-

layer interactions than their supersonic counterparts.

In this chapter, shock/boundary-layer interaction on axisymmetric cone-flare is studied at

Mach numbers in the range of 11-13. A naturally developing turbulent boundary-layer on a

long cone with a small cone angle interacts with an oblique shock generated at the cone-flare

junction. Tests were conducted with different flare angles at varying freestream conditions [15].

The resulting experimental data set spans a range of shock/boundary-layer interactions, from

weak ones with no flow separation at the corner to strong interactions with a large separation

bubble at the cone-flare junction.

The experimental test cases are presented in the next section and simulation methodology

is described subsequently. This is followed by a detailed grid refinement study. The solutions
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computed for the experimental test cases using the standardand modified turbulence models

are discussed in the subsequent section. A detailed description of the mean flow field and a

comparison of the computed surface data to the experimentalmeasurements is presented for

each case.

8.2 Test cases

The configuration studied by Holden [15] is a 2.66 m long cone with a 6◦ half-cone angle

and a flare of length 0.23 m (see Fig. 8.1). Two flare angles wereconsidered and the models

were tested in the Calspan 96-inch shock tunnel. The flare angle is measured with reference

to the cone surface, and the cone-flare junction is placed atx = 0. Thus, negative values of

x correspond to the cone surface and the flare has positivex values. Flow prediction in the

shock/boundary-layer interaction region identified in Fig. 8.1, is the primary focus of this work.

cone
shock
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36o

6o

y

cone­tip

)

2.66 m

0.23 m
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(

turbulent
boundary layer

oblique
shock

x
shock/boundary layer

interaction

flare)

Figure 8.1: Geometric configuration with flow schematic for hypersonic shock-wave turbulent
boundary-layer interaction test cases of Holden [15].

Models with two flare angles,30◦ and36◦, were tested at two Mach numbers, nominally

11 and 13, resulting in four test cases. The freestream and geometric parameters for different

cases are listed in Table 8.1. Constant wall temperature of 294.44 K is taken along the cone-flare

surface for all the cases. The resultingTw/Taw values for each case are also listed in the table.

Note that a recovery factor of 0.89 is used to compute the adiabatic wall temperature. Air is

used as test gas in these runs and perfect gas assumption is applicable owing to low stagnation

enthalpy.

A single-pass schlieren system was used for flow visualization. Static pressure was mea-

sured along the model using piezoelectric pressure transducers and platinum thin-film gages
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Test cases 1 2 3 4

Cone-flare angle 36◦ 36◦ 30◦ 30◦

Freestream Mach numberM∞ 13.1 10.97 12.92 10.98

Freestream temperatureT∞, K 57.0 65.4 60.9 67.4

Freestream pressureP∞, kPa 0.51 0.62 0.5 0.63

Unit Reynolds numberRe1∞ × 106, m−1 1.385 1.145 1.219 1.113

Wall temperature/Adiabatic wall temperature,Tw/Taw 0.15 0.17 0.14 0.17

Stagnation enthalpy,H0, MJ/kg 2.0 1.6 2.1 1.7

Table 8.1: Freestream conditions and flare-angles for hypersonic cone-flare configurations.

were used to obtain the heat transfer rate on the surface. Theuncertainties associated with the

pressure and heating rate data were estimated to be±3% and±5% respectively. Surface pres-

sure data is a good indicator of the separation point and has aone-to-one correspondence with

the shock structure observed in the schlieren images. The majority of the comparison between

numerical simulations and experimental data is therefore based on the pressure measurements.

A limited comparison with surface heat flux data is also done [107].

8.3 Simulation methodology

The axisymmetric form of the Reynolds-averaged Navier-Stokes equations, as presented by

Wilcox [76] are solved for the mean flow. The standardk-ω and Spalart-Allmaras, and shock-

unsteadiness modified turbulence models are used in the simulations. The details of the numer-

ical method are presented in Section 3.3. The computationaldomain used in the simulations

is shown in Fig. 8.2a. It spans the region between the cone tipand the end of flare in the

wall-paralleli-direction. In the wall-normalj-direction it extends from the cone-flare surface

to the outer boundary, which is placed in the freestream flow outside the shock waves. The flow

solution is insensitive to the actual location of the outer boundary as long as the shock wave

generated by the cone-flare geometry do not intersect it. Theinclination of the outer boundary

is tailored such that the grid lines in the vicinity of the oblique shock generated by the cone tip

are parallel to the shock wave. This eliminates any grid-induced distortion of the oblique shock

along the length of the cone until it reaches the shock/boundary-layer interaction region.

A FORTRAN code is used to generate a single-block structuredCartesian grid as shown in
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Figure 8.2: (a) Computational domain and boundary conditions used in the simulations. (b) A
typical computational mesh showing every third point in each direction. Inset shows a magnified
view of the cone-flare junction.

Fig. 8.2b. A typical grid has about 600 points in the stream-wise direction and 500 exponentially-

stretched points in the wall-normal direction. The grid points are clustered in the vicinity of the

cone-tip and at the cone-flare junction, such that there are about300 × 375 points in the inter-

action region. The sensitivity of the solution to the computational grid is described below.

8.3.1 Grid refinement study

Flowfield solutions are computed using computational meshes with varying number of points

in the wall-parallel and wall-normal directions. Also, thecell sizes in high-gradient regions,

like shock waves, cone-flare junction, separation point andreattachment location, are systemat-

ically varied to study their effect on the computed solution. A detailed grid convergence study

of the36◦ flare at Mach 13 using the shock-unsteadiness modified Spalart-Allmaras model is

presented below. This is followed by a similar study for the shock-unsteadiness modifiedk-ω

model. The computational solution obtained using the standard turbulence models is found to

be less sensitive to the variation in computational grid than those obtained using the modified

turbulence models.

For the baseline grid size of600 × 500 points, the normal spacing adjacent to the wall is

varied between5×10−6m and1×10−6m, and the results computed using the modified Spalart-
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Figure 8.3: Effect of variation in wall-normal spacing on (a) wall pressure and (b) skin friction,
using modified Spalart-Allmaras model for36◦ flare at Mach 13.1.
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Figure 8.4: Effect of varying the number of wall-normal gridpoints on (a) wall pressure and (b)
skin friction, using modified Spalart-Allmaras model for36◦ flare at Mach 13.1.

Allmaras model are presented in Fig. 8.3. The correspondingy+
2 values range from 0.04 to 0.2

on the cone and from 1.4 to 7.6 on the flare. The surface pressure is mostly insensitive to the

near-wall grid point distribution, except near the end of the computational domain. The variation

in surface pressure in this region (s ≃ 0.17 m) is due to the impingement of the expansion fan

generated by the shock-shock interaction outside the boundary layer. Refining the near-wall

grid for a fixed number of grid-points in the wall-normal direction results in a coarser mesh in

the outer inviscid region. The consequent effect on the inviscid shock-shock interaction and the

resulting surface pressure distribution can be seen in Fig.8.3. The skin-friction coefficient, as

expected, is more sensitive to the wall-normal spacing thanthe surface pressure, especially on

the flare. There is about 2% variation between the two fine grids for 0.08 m< s < 0.18 m.
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There is somewhat larger deviation further downstream, which is an effect of the outer inviscid

interaction.

Next, the number of points in the wall-normal direction are varied and the results are

presented in Fig. 8.4. Three exponentially stretched gridswith 400, 500 and 600 grid points,

with identical cell-size adjacent to the wall, are used. This results in a stretching factor of 1.023,

1.018, and 1.014, respectively for the three grids. The majority of the variation is in the outer

inviscid zone and the near-wall grid is affected to a smallerextent. The surface data are almost

identical over the entire geometry, except for the later part of the flare. This is once again caused

by variation of the grid point density in the outer inviscid region, as explained above. The two

finer grids yield overlapping results for the entire domain.

A similar procedure is followed in the wall-parallel direction by systematically varying

the number of points along the wall. The surface properties are found to be less sensitive to

the changes in the wall-parallel grid than that in the wall-normal direction, and 600 points are

found to be adequate to obtain an accurate solution. Based onabove study, a computational

mesh of600 × 500 points with a wall-normal spacing of2 × 10−6m at the wall is chosen for

computations using the standard and modified Spalart-Allmaras models. The correspondingy+
2

value is about 0.08 on the cone and less than 3 on the flare.

The flowfield solution obtained using thek-ω model is more sensitive to the computational

mesh than that of the Spalart-Allmaras model. Thek-ω solution requires substantially larger

number of wall-parallel grid points (more than 1000) to attain grid independence. Even with

finer grids, the changes in surface properties with successive refinement (presented in Figs. 8.5-

8.7) are found to be appreciably higher than the corresponding Spalart-Allmaras model results.

Further, thek-ω computations are found to be prone to numerical instability, which restricts the

time steps used in the simulation. The highest Courant-Friedrichs-Lewy (CFL) achievable for

thek-ω model calculations (see Sec. 8.4) is significantly lower than those used for the Spalart-

Allmaras computations.

The results obtained by varying the cell size adjacent to thewall and the number of grid

points in the wall-normal and wall-parallel directions is presented next. Note that the pressure

data computed using the modifiedk-ω model appears similar to that of the modified Spalart-

Allmaras model, but the skin-friction coefficient has a local maximum near the reattachment

point (s ≃ 0.07m) that is not present in the modified Spalart-Allmaras modelsolutions.

The variation of skin-friction coefficient (Fig. 8.5b), when the wall-normal spacing at the
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Figure 8.5: Effect of varying wall-normal spacing on computed (a) wall pressure and (b) skin-
friction coefficient, using modifiedk-ω model for36◦ flare at Mach 13.1.
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Figure 8.6: Effect of varying number of wall-normal grid points on computed (a) wall pressure
and (b) skin-friction coefficient, using modifiedk-ω model for36◦ flare at Mach 13.1.

wall is decreased from2 × 10−6m to 0.5 × 10−6m shows a converging trend. The maximum

deviation between the two finer grid predictions is 3%. The separation point located ats =

-0.085 m changes by a small amount (0.005 m) for the three grids. The pressure data (Fig. 8.5a)

shows a similar trend, with the location of the reattachmentpressure peak ats = 0.07 m shifted

by 0.003 m between the two finer grids. The value of the peak pressure remains almost identical

for all the three grids.

Figure 8.6 shows the data obtained using grids with varying number of points in the wall-

normal direction and identical normal spacing at the wall. The location of the peak pressure

andCf on the flare shifts downstream by 0.005 m, when the number of wall-normal grid points

is increased from 400 to 500. Their locations do not change appreciably when the grid size
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Figure 8.7: Effect of varying wall-parallel grid points on computed (a) wall pressure and (b)
skin-friction coefficient, using modifiedk-ω model for36◦ flare at Mach 13.1.

is increased further to 600 points. The peak values of pressure andCf vary less than 2% for

the two finer grids. The flow solutions upstream of the corner,including the separation point

location, are almost identical for the1000 × 500 and1000 × 600 cases.

The data computed using successively higher number of wall-parallel grid points is pre-

sented in Fig. 8.7. The location of peak pressure andCf shifts slightly downstream with the

first refinement from 1000 to 1500 points, but there are almostno visible difference when the

grid is further refined to 1900 points. Thus, 1500 points in the wall-parallel direction and 500

points in the wall-normal direction are adequate for computations using the standard and mod-

ified k-ω turbulence models. However, it is found thatk-ω simulations using fine grids like

1500×500 require very small time steps for integration, such that a steady state solution cannot

be obtained in a reasonable computational time. By comparison, simulations on the1500× 400

grid are more robust and therefore selected for all thek-ω results presented below. Based on the

data presented in Fig. 8.6, using 400 points in the wall-normal direction will result in a slightly

higher uncertainty, around 0.006 m in the location of the reattachment peak pressure and 7%

in the peak skin-friction coefficient level, in thek-ω solutions. The wall-normal spacing at the

wall is set at1× 10−6m, which is equivalent to ay+
2 value of 0.03 on the cone and less than 1.2

on the flare.
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8.4 Simulation results

In this section, numerical solutions for the four test casesare presented in the decreasing order

of the strength of the shock/boundary-layer interaction (see Table 8.2). Initially, the standard

Spalart-Allmaras andk-ω models are used in the computation. The shock-unsteadinesscorrec-

tion is then applied to show improvement in results over the standard models. The flow physics

details are emphasized and the computed wall pressure in theinteraction region is compared

with the experimental measurements.

The results presented below are computed on a600 × 500 grid for the standard and mod-

ified Spalart-Allmaras models, and on a1500 × 400 grid for the standard and modifiedk-ω

models. These grids are chosen (Sec. 8.3.1) based on a detailed grid refinement study for the

36◦ flare at Mach 13. The other three test cases are either at a lower Mach number, a lower flare

angle, or both. The shock/boundary-layer interaction is therefore strongest for the first case,

and the grid refinement study for this flow is expected to be sufficient for the other three flows.

The flowfield variables are initialized to freestream valuesover the entire domain and the

solution is advanced in time to reach a steady state. In the computations using the standard and

modified Spalart-Allmaras models, a CFL of 0.05 is used at thebeginning of iterations and it is

increased to 10 in the first 2500 iterations. Next, it is increased to 500 at 8000 iterations and a

maximum CFL of 1500 is used after 125000 iterations. The timestep is3 × 10−11 sec at the

beginning of iterations and reaches to3× 10−6 sec at steady state solution. In the computations

using the standard and modifiedk-ω models, a CFL of 0.05 is used at the beginning of iteration,

later it is increased to 10 at 500 iterations. Further it is increased to a value of 30 at 15000

iterations and a maximum CFL of 50 is used at 35000 iterations. All the simulations are run in

parallel using 16 cpu-cores of a 2.66 GHz Intel processor based machine. It takes approximately

92 cpu-hours (80,000 iterations) to reach steady state solution using the Spalart-Allmaras model

and about 625 cpu-hours (1,80,000 iterations) for thek-ω model.

8.4.1 36◦ flare at Mach 13.1

The experimental schlieren image corresponding to the36◦ flare at Mach 13.1 is shown in

Fig. 8.8a. The boundary layer on the cone is marked by mild density variation and is identified

in the figure. The boundary layer separates at the cone-flare junction and a separation shock

is located upstream of the corner. The separation shock is not clearly visible inside the cone
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36◦ flare 30◦ flare

Mach 13 Mach 11 Mach 13 Mach 11

Mach number at incoming boundary-layer edge 10.37 9.1 10.27 9.1

Mach number normal to oblique shock,M1n 6.75 5.94 5.72 5.08

Inviscid pressure rise at corner,p2/p1 56.0 43.4 40.0 31.7

Table 8.2: Shock/boundary-layer characteristics for the cone-flare configuration. The subscripts
1 and 2 correspond to inviscid conditions upstream and downstreamof an assumed oblique
shock at the cone-flare junction.

boundary layer, but a distinct separation shock is observedoutside the boundary layer. It is fol-

lowed by a steeper shock on the flare downstream of reattachment. The clarity of the schlieren

image is limited in the reattachment region, but distortions in the flare shock can be clearly

seen. The flowfield exhibits some degree of unsteadiness and the schlieren image corresponds

to a single time realization of the unsteady flow field. The oblique shock generated at the tip

of the cone intersects the flare shock at the top right corner of the visualization window. The

details of this shock-shock interaction is described below.

The numerical solution obtained using the standard Spalart-Allmaras turbulence model

is presented in Fig. 8.8b. The normalized density contours plotted in the figure shows the

interaction of the cone shock and the flare shock clearly. Theresulting shock-shock interaction

generates a third shock and a free shear layer. Also, an expansion fan emanates from the triple

point, and reflects off the flare surface. The flow features generated by the intersection of

the cone and flare shocks are reproduced well by the numericalsimulation and they match

the experimental schlieren image qualitatively. On the other hand, the computational solution

differs markedly from the schlieren image at the cone-flare junction. The shock/boundary-layer

interaction in this region and the underlying flow physics isthe main focus of this work. The

numerical solution predicts an oblique shock at the corner as opposed to a separation shock

observed in the experiment. This is because the incoming boundary-layer in the simulation

does not separate upstream of the corner.

The difference in the flow topology between the experimentalimage and the computed

solution results in a large mismatch between the corresponding surface pressure distributions

plotted in Fig. 8.9. The numerical solution with a single attached shock results in a distinct jump

in pressure at the corner (s ≃ 0). On the other hand the experimental data shows a pressure

rise upstream of the corner (ats ≃ −0.08 m). This pressure rise corresponds to the separa-
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Figure 8.8: Shock-wave/boundary-layer interaction on a36◦ flare at Mach 13.1: (a) experimen-
tal schlieren image [15] and (b) computed density contours using standard Spalart-Allmaras
model.

tion shock and is followed by a pressure plateau in the separation bubble. A further rise in the

surface pressure downstream of the corner is due to flow reattachment on to the flare surface.

Both the experimental data and the computed pressure on the cone are found to match the the-

oretical estimate of Taylor and Maccoll [108] upstream of the interaction region. Downstream

of reattachment, the simulation results compare well with measurements on the flare wall, but

over-predict the theoretical pressure rise obtained usingoblique shock relations. The simula-

tions predict a drop in surface pressure at the locations ≃ 0.16 m, where the expansion fan

from the shock-shock interaction reflects from the flare wall.

Note that the wall pressure is plotted on a log-scale in Fig. 8.9 to emphasize its variation

in the vicinity of the separation point. In the absence of direct measurement of the separation

location, it is estimated from an extrapolation of the initial pressure rise on the cone. As pointed

earlier, predicting the location of flow separation accurately is crucial to obtain the correct shock

structure and flow topology in the interaction region.

The pressure data computed using the standardk-ω model is also presented in Fig. 8.9
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Figure 8.9: Comparison of computed wall pressure with experiments [15] for36◦ flare at Mach
13.1. The standard Spalart-Allmaras and standardk-ω models are used in the simulations.

and it matches the results obtained using the Spalart-Allmaras turbulence model closely. The

flowfield structure obtained using thek-ω model is also similar to the one presented in Fig. 8.8b.

Both models fail to predict flow separation at the cone-flare junction, and therefore result in a

significant disparity with the experimental shock structure and pressure data in this region. We

attempt to improve the model predictions using the shock-unsteadiness correction proposed by

Sinhaet al. [10].

Application of the shock-unsteadiness modification

The detail formulation of shock-unsteadiness correction [12] to k-ω and Spalart-Allmaras tur-

bulence models are presented in Sections 4.5.1 and 4.5.2. The implementation of the model is

given below.

The shock-unsteadiness correction is a function of the shock-normal Mach number up-

stream of the shock wave. This is calculated by,

M1n =
u1 · ∇p

a1|∇p| (8.1)

Hereu1 anda1 are the velocity vector and the speed of sound upstream of theshock wave, and

∇p is the pressure gradient at the shock.

The velocity and temperature values in the incoming boundary layer are plotted as a func-

tion of the wall-normal distance in Fig. 8.10a. The resulting distribution of the upstream Mach

number is also shown in the figure. The shock wave generated atthe cone-flare junction is
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plotted in terms of the normalized pressure contours in Fig.8.11. The scale of the figure is

magnified to highlight the incoming boundary-layer on the cone. The value ofM1n along the

shock is thus calculated using the upstream values along thelocal streamlines. The upstream

Mach number varies between subsonic values near the wall to about 10 at the boundary-layer

edge. The component of the upstream Mach number normal to theshock varies between 1.0

to 6.67 (see Fig. 8.10b). The shock-unsteadiness parameterb′1 computed using these values of

M1n is also plotted in the figure. It approaches zero in the near-wall region and attains a limiting

value of 0.4 at the boundary-layer edge. For the Spalart-Allmaras model, the shock-unsteadiness

parameterc′b1 is evaluated using Eq. 4.51 (see Section 4.5.2). It varies between 0.42 near the
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wall to -0.79 at the boundary-layer edge. In the following, the shock-unsteadiness correction is

applied by using an average value ofc′b1 = -0.32 andb′1 = 0.32 for the Spalart-Allmaras andk-ω

models respectively. The average is calculated over a set ofpoints distributed uniformly along

the shock wave in the region where it overlaps with the incoming boundary layer. Solution

obtained by implementing a detailed variation of the shock-unsteadiness parameter is discussed

subsequently.

In shock-unsteadiness modified Spalart-Allmaras model, the parameterc′b1 can take either

positive or negative values depending on the upstream Mach number. As per Eq. 4.50 (see

Section 4.5.2), the amplification of the eddy viscosityνT across a shock is given by the ratio

of k2-amplification toǫ-amplification. At supersonic Mach numbers the amplification of k2 is

larger than that ofǫ, and therefore results in an increase inνT across the shock wave. This

corresponds to a positive value ofc′b1 and a positive source term−c′b1 ρ̄ν̃Sii in the model equa-

tion. A higher turbulence eddy viscosity results in reduction of the separation bubble size in

supersonic shock/boundary-layer interactions [12] . At hypersonic Mach numbers, the amplifi-

cation ofǫ increases monotonically withM1n, where ask2-amplification saturates forM1n >

1.8. This results in decrease ofνT across a shock wave at hypersonic conditions. A lower value

of νT increases the separation bubble size in hypersonic shock/boundary-layer interaction and

is opposite to that observed at supersonic Mach numbers.
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In shock-unsteadiness modifiedk-ω model,fs is the empirical function that locates the

region of shock wave in terms of the mean dilatationSii. The functional form offs is identical

to that used in Ref. [12], except for the fact thatSii is normalized byU∞/δ0 instead of the local

value ofS.

fs =
1

2
− 1

2
tanh

[

5

(

Siiδ0

U∞

)

+ 3

]

. (8.2)

The quantityU∞/δ0 is found to be more robust thanS in Ref. [90]. The characteristic lengthδ0

and freestream velocityU∞ are knowna priori for a given simulation and can be specified as

user input. The functionfs takes a value of one in shock and high compression regions of the

flow field and in other regions it becomes zero and the standardform of k-ω model is recovered.

The functionfs identifies the shock waves and high compression regions in the flow in

terms of the mean dilatationSii. These regions are highlighted in the modifiedk-ω solution in

Fig. 8.12a. The near-wall region of the turbulent boundary layer also has non-zeroSii, but care

is taken to makefs negligible in boundary-layer flows, where the standard model predictions

are well validated. Figure 8.12b shows the distribution offs in the interaction region and it

captures the shock waves correctly. Depending on the level of compression, it smoothly varies

between 0 and 1, wherefs = 0 corresponds to the standard model.

Modified turbulence model predictions

The shock-unsteadiness corrected Spalart-Allmaras modelwith a negativec′b1 results in a de-

crease of the turbulent kinematic eddy viscosity at the shock wave. Lower levels of turbulence

leads to an earlier separation of the boundary layer on the cone. The separation bubble in the

numerical solution is identified in terms of a few characteristic streamlines in Fig. 8.13a and the

separation and reattachment points are marked by S and R respectively. A separation shock is

formed as the incoming boundary layer is deflected over the separation bubble. As the flow over

the bubble reattaches the flare surface, a series of compression waves are generated. The result-

ing reattachment shock intersects the separation shock close to the flare surface (see magnified

view in Fig. 8.13b) and forms a Edney type-VI shock-shock interaction [40]. The flow pattern

in the interaction region is shown schematically in Fig. 8.14. An oblique shock is generated

at the triple point and an expansion fan propagates towards the flare wall. The flow pattern is

similar to that obtained in the shock-shock interaction further downstream on the flare, but the

scale is smaller due to its proximity to the solid boundary. The shear layer generated at the triple

point travels parallel to the flare surface and is marked by density contours in Fig. 8.13c. Also,
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a small secondary separation bubble formed at the corner is shown in the inset.

The density contours in Fig. 8.13c has strong resemblance with the experimental schlieren

image in Fig. 8.8a. The density gradient in the upstream boundary layer is marked by contour

lines of the time-averaged density parallel to the cone surface. In the vicinity of the separa-

tion point (S), the boundary layer density variation overlaps with the separation shock contour

lines. A similar effect is seen in the experimental schlieren image, and the separation shock
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Figure 8.14: Schematic sketch of Edney type-VI shock-shockinteraction [40].

is not distinctly visible inside the cone boundary layer. The density contours clearly mark the

separation shock outside the boundary layer, and a small reattachment shock is visible on the

flare. The reattachment shock cannot be discerned in the schlieren image, but the overall shock

structure near the reattachment location matches the computed shock-shock interaction pattern

closely. The flare shock generated at the triple point goes onto intersect the cone shock further

downstream. The dark band in Fig. 8.8a along the flare wall downstream of reattachment is

probably the free shear layer marked in the numerical solution. As expected, the flare shock

in the RANS solution is steady, whereas distortions of the flare shock are visible in the exper-

iment. These shock distortions appear to reduce significantly before the flare shock intersects

the oblique shock from the cone tip.

The pressure data obtained using shock-unsteadiness corrected Spalart-Allmaras model is

shown in Fig. 8.15a. Comparison with the standard Spalart-Allmaras model results show two

marked differences. First, the single pressure rise at the corner is replaced by a pressure rise due

to the separation shock ats = −0.08 m, followed by a pressure plateau and another pressure

rise at the reattachment point on the flare. A sharp peak ats = 0 is due to a small secondary

separation bubble formed at the corner (see Fig. 8.13c). Secondly, there is a local pressure

peak immediately downstream of the reattachment point. This is caused by the shock-shock

interaction in this region. The flow over the separation bubble gets over-compressed on passing

through the separation and reattachment shock/compression waves. The pressure reaches a local

maximum and then reduces when the expansion fan from the triple point reflects off the flare

surface. There is indication of a local pressure peak in the experimental data, but the location of
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13.1. Shock-unsteadiness correction [12] applied to (a) Spalart-Allmaras model and (b)k-ω
model.

the peak and the reattachment pressure rise is somewhat upstream of the numerical prediction.

The simulation also yields a slightly earlier separation than the experimental measurement. The

locations of initial pressure rise on the cone, as obtained from experiment and computation, are

listed in Table 8.3. The separation bubble size, as estimated by the separation shock pressure

rise and the reattachment pressure peak, is over-predictedby the modified Spalart-Allmaras

model.

The modifiedk-ω model shows similar improvement over the standardk-ω model (see

Fig. 8.15b). The shock-unsteadiness correction damps the turbulent kinetic energy at the shock,

and therefore results in a sizable recirculation bubble at the cone-flare junction. The separation

shock pressure rise is located somewhat upstream of the experiment. Also, the reattachment

pressure rise and the local pressure peak on the flare are downstream of the experimental data.

The flowfield in the interaction region, including the separation bubble and the shock-shock

interaction past reattachment, are very similar to that obtained using the modified Spalart-

Allmaras model (Fig. 8.13). On the whole, the shock-unsteadiness correction, irrespective of

the base turbulence model, reproduces the separation bubble at the cone-flare junction and the

shock/expansion wave topology in the interaction region correctly. In spite of differences with

the experimental data, the shock-unsteadiness corrected models yield significant improvement

(see Table 8.3) in the surface pressure prediction over the standard Spalart-Allmaras andk-ω

turbulence models.
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36◦ flare 30◦ flare

Mach 13 Mach 11 Mach 13 Mach 11

Experiment, mm -80.1 -71.3 -37.8 -

Standardk-ω model, mm -6.2 -7.5 -3.7 -3.7

Standard Spalart-Allmaras model, mm -5.2 -6.5 -3.6 -3.6

Modifiedk-ω model, mm -86.3 -86.1 -15.3 -15.0

Modified Spalart-Allmaras model, mm -84.1 -83.9 -4.1 -4.0

Table 8.3: Experimental and computed separation shock locations.

Wilcox presents ak-ω stress-limiter model [8] that limits turbulent kinetic energy produc-

tion in a shock wave. The value of the limiter is set asClim = 7/8 for the newk-ω model. In a

normal shock, the stress limiter model yields TKE production of the form

Pk = cρk|Sii| (8.3)

with c = 1.15. A value ofClim = 1 corresponds to the SST model [77] withc = 1.09. By compar-

ison, the shock-unsteadiness correction yields a production term of the form given by Eq. (4.36)

(see Section 4.4), withc = 2/3 (1 − b′1). A lower (higher) value ofb′1 results in a higher (lower)

value ofc, which in turn increases (decreases) TKE production and suppresses (enhances) flow

separation. In the simulations presented below, the shock-unsteadiness parameterb′1 is around

0.3, which corresponds toc ≃ 0.46. A relatively higher value ofc used in the newk-ω and SST

models may, therefore, result in a smaller separation bubble compared to that obtained using

the shock-unsteadiness correction.

8.4.2 36◦ flare at Mach 10.97

Next, we consider the shock/boundary-layer interaction ona 36◦ flare at Mach 10.97. A lower

freestream Mach number compared to the first test case leads to a lower boundary-layer edge

Mach number on the cone, upstream of the interaction. The inviscid pressure rise assuming a

single oblique shock at the corner and the corresponding Mach number normal to the shock-

wave are appreciably lower than the earlier case (see Table 8.2). This is expected to result

in a weaker shock/boundary-layer interaction at the cone-flare junction. The strength of the

interaction directly influences the extent of flow separation at the corner. The separation point

in the experiment, as indicated by the location of initial pressure rise on the cone (see Table 8.3),
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is downstream in the Mach 11 flow than the higher Mach number case. On the other hand,

the Mach 13 flow is found to have a relatively colder wall (Tw/Taw = 0.15) than the current

test case (Tw/Taw = 0.17). A colder wall with smaller values ofTw/Taw increases the local

Reynolds number and hence reduces the separation bubble size. Also, a lower unit Reynolds

number in this flow (Table 8.1) compared to the earlier test case tends to increase the size of the

separation bubble. The Reynolds number and cold wall effects counteract the trend observed

due to the variation in Mach number in the later case, but are found to have a minor effect

on the shock/boundary-layer interaction. Overall, the second configuration results in a weaker

interaction, in terms of a smaller separation bubble at the corner and a lower peak pressure at

reattachment, than the first case.

The computed solution, in terms of the normalized pressure contours, is compared with the

experimental schlieren image in Fig. 8.16. The simulation results correspond to the standard and

modifiedk-ω turbulence models. The results obtained using the Spalart-Allmaras turbulence

model are almost identical, and therefore not presented. The trends observed in this flow are

very similar to those in the higher Mach number case presented earlier. The standardk-ω model

suppresses flow separation, leading to a single oblique shock at the cone-flare junction. The

solution does not match the experimental flow topology in this region. The shock-unsteadiness

correction, by comparison, predicts a recirculation bubble at the corner. The flow topology is

identical to that in Fig. 8.13, and it matches the shock structure observed in the schlieren image

(Fig. 8.16a). Note that the corrugations in the flare shock are relatively weaker in this flow than

the previous case (Fig. 8.8a), possibly due to the reduced strength of the shock/boundary-layer

interaction.

The surface pressure computed using the standardk-ω and Spalart-Allmaras turbulence

models match the experimental and theoretical values on thecone (see Fig. 8.17a). The attached

shock at the corner results in a single pressure jump ats = 0 to reach a uniform pressure on the

flare. The computed pressure on the flare is comparable to the experimental measurements.

There is a small dip in surface pressure towards the end of theflare, where the expansion fan

from the second shock-shock interaction hits the wall.

The shock-unsteadiness correction (see Fig. 8.17b) yieldsan increase in the pressure at

the separation point upstream of the corner. The separationlocations for the two turbulence

models are almost identical. The separation bubble is marked by a pressure plateau, followed

by a further rise in pressure at reattachment. Similar to theearlier case, a local pressure peak is
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Figure 8.16: Shock-wave/boundary-layer interaction on a36◦ flare at Mach 10.97: (a) exper-
imental schlieren image [15], and computed normalized pressure contours using (b) standard
k-ω model and (c) shock-unsteadiness modifiedk-ω model.

observed in the reattachment region due to the interaction between the separation and reattach-

ment shock waves. The separation point identified in terms ofthe location of initial pressure

rise on the cone is listed in Table 8.3. The shock-unsteadiness corrected turbulence models

predict a separation point that is upstream of the experimental location. The experimental data

also appears to indicate a steeper pressure rise at reattachment. An earlier separation and a later

reattachment in the computation yields a larger separationbubble than the experiment. The
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Figure 8.17: Comparison of computed wall pressure using (a)standard and (b) shock-
unsteadiness modified turbulence models with experimentalmeasurements [15] for36◦ flare
at Mach 10.97.

simulations, however, reproduce the pressure plateau level in the recirculation region. This in-

dicates that the inclination of the free shear layer enclosing the recirculation bubble is predicted

correctly.

The implementation of the shock-unsteadiness correction in this flow follows the same

procedure as outlined in the earlier case (Section 8.4.1). The upstream Mach number normal

to the shock varies from sonic value near the wall to about 6 atthe edge of the boundary layer.

The corresponding variation inb′1 is in the range 0 to 0.4. An average value ofb′1 = 0.31 is

used for this case. This results in the damping of the turbulent kinetic energy at the shock,

which promotes flow separation at the cone-flare junction. The parameterc′b1 varies between

0.4 near the wall to -0.79 at the boundary-layer edge. Positive values ofc′b1 in the near wall

region promotes turbulent eddy viscosity amplification, where as negative values in the outer

part of the boundary-layer tends to suppress the turbulence. The overall effect due to average

c′b1 = -0.3 is to reduce the turbulence level compared to the standard Spalart-Allmaras model

and thus increase the size of the recirculation bubble at thecone-flare junction.

A comparison of the schlieren images in Figs. 8.8a and 8.16a shows that the cone shock

is shifted outward at the lower Mach number. A lower post-shock Mach number on the cone

in the second case (Table 8.2) also results in a steeper flare shock for the same deflection at the

corner. The shock-shock interaction point is therefore shifted outward in the Mach 11 flow than

the higher Mach number case. The triple point is placed outside the visualization window at the
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lower Mach number (Fig. 8.16a), whereas it is located at the top right corner of the visualization

window for the Mach 13 case. The numerical solutions show thesame effect. The cone shock

and the flare shock intersect atx = 0.09 m in the Mach 13 flow (Fig. 8.13c), and the interaction

point is shifted downstream tox = 0.11 m for the Mach 11 flow (Fig. 8.16c). Note that there is

a negligible effect of flow separation at the cone-flare junction on the location of the flare shock

and its interaction with the cone shock. The triple point locations obtained using the standard

and modified turbulence models are, therefore, identical inFigs. 8.16b and 8.16c.

It is difficult to make a quantitative comparison of the triple point location between the

numerical solutions and the experimental results, due to the lack of scale information for the

schlieren images. A qualitative comparison, however, can be made by matching the size with

the interaction region in the pressure data and approximatelocation of the separation shock in

the schlieren image. It appears that the cone shock is placedhigher in the experiment than the

numerical solution. This could be because of the nose bluntness effects. The6◦ half-angle cone

used in the experiments has a nose radius of 3.8 cm, which is about 1.3% of the model length.

The computations neglect this small nose radius and assume asharp nose for the cone-flare

geometry. A rounded nose of the experimental model results in a detached shock at the cone

tip, which may be shifted outward compared to the attached shock predicted by computation.

The location of the shock-shock interaction will also be moved accordingly, and can explain the

discrepancy between the numerical solution and the experimental image. A difference in the

location of the cone shock is not expected to alter the post-shock conditions on the cone and

the shock/boundary-layer interaction at the cone-flare junction, which is the main focus of the

current study.

8.4.3 30◦ flare at Mach 12.92

The next test case corresponds to the30◦ flare at Mach 12.92. The inviscid pressure rise through

a single oblique shock at the corner and the corresponding upstream normal Mach number

(listed in Table 8.2) are slightly lower than those for the36◦ flare at Mach 11. A higher flare

angle, but a lower Mach number, in the previous case results in an inviscid shock strength

slightly higher than the current flow. The shock/boundary-layer interaction in the current case

is, therefore, expected to be slightly weaker than, but comparable to, the interaction on the

36◦ flare at Mach 10.97. The values of the unit Reynolds number andTw/Taw for this case

(Table 8.1) are in the same range as the earlier test cases, and minor differences in their values
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Figure 8.18: Shock-wave/boundary-layer interaction on a30◦ flare at Mach 12.92: (a) exper-
imental schlieren image [15], and computed normalized pressure contours using (b) standard
k-ω model and (c) modifiedk-ω model.

may not alter the strength of the shock/boundary-layer interaction dramatically.

The experimental data for this flow shows an interesting pattern. The schlieren image

in Fig. 8.18a is similar to that in the earlier cases in terms of the separation shock and the

triple point observed at reattachment. However, the pressure data shows no distinct jump at

the separation shock location (see Fig. 8.19). There is a gradual, but low, rise in surface pres-

sure closer to the corner. This may be because of large-scaleunsteadiness of the corner flow.
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Figure 8.19: Comparison of computed wall pressure using (a)standard and (b) shock-
unsteadiness modified Spalart-Allmaras andk-ω turbulence models with experimental mea-
surements [15] for30◦ flare at Mach 12.92.

The shock/boundary-layer interaction may oscillate between a separated flow similar to that

observed in the schlieren image and an attached flow without arecirculation bubble at the cor-

ner. The schlieren image is a single time realization of the flow-field, whereas the pressure

data is representative of the mean flow and captures the time-averaged effect of any possible

separation-bubble unsteadiness.

The RANS simulation yields a time-averaged flowfield solution. The standard Spalart-

Allmaras andk-ω turbulence models predict an attached flow up to the corner (Fig. 8.18b),

like the earlier cases. The surface pressure, presented in Fig. 8.19a, shows a similar trend.

The shock-unsteadiness corrected Spalart-Allmaras modelalso predicts an attached flow at the

junction and a single oblique shock on the flare. The solutionis therefore identical to the

standard Spalart-Allmaras model. The initial pressure is located slightly upstream of the corner

(s ≃ −0.004 m) for both the models (see Table 8.3).

The shock-unsteadiness correction in thek-ω model, on the other hand, results in a small

region of separated flow (see Fig. 8.18c). A separation shockwave can be seen in the figure,

but the reattachment compression waves and their interaction with the separation shock are not

clearly discernable because of the small scale of the interaction region. The pressure data ob-

tained using the modifiedk-ω model (Fig. 8.19b) shows a pressure rise upstream of the corner

(ats = -0.015 m). A small pressure plateau and a slight overshoot in the surface pressure at reat-

tachment can also be observed. The pressure variation in theinteraction region is similar to that
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obtained in earlier cases, but is smaller in scale. It does not match the pressure measurements

in the separation bubble (-0.04 m< s < 0). The non-uniform variations in the experimental

data in this region is probably due to the intermittent nature of the separation bubble. RANS

methods, even with shock-unsteadiness correction, do not reproduce such intermittency effects.

8.4.4 30◦ flare at Mach 10.98

The last test case corresponds to a30◦ flare at Mach 10.98. Based on the pressure ratio and

M1n values presented in Table 8.2, it is the weakest of all the interactions considered in this

work. The experimental schlieren image for this flow (Fig. 8.20a) shows a single oblique

shock on the flare, with no indication of the flow separation atthe corner. The pressure data

on the cone (Fig. 8.21a) is uniform up to the cone-flare junction and is followed by a sin-

gle pressure jump corresponding to the corner shock. This corroborates the fact that there is

no boundary-layer separation in this case. This is reproduced well by both the standard and

modified Spalart-Allmaras model computations. The computed density contours (Fig. 8.20b)

matches the schlieren image closely. The computed surface pressure also compares very well

with the experimental measurements (Fig. 8.21a).

A magnified view of the pressure contours in the corner region(inset in Fig. 8.20b) shows

the corner shock more clearly. The oblique shock is slightlycurved in the region where there

is a gradient in the upstream Mach number due to the incoming boundary layer on the cone. A

turning of the low Mach number flow in the near-wall region on to the flare is achieved by a

steeper shock compared to the outer part of the boundary layer, where a higher Mach number

flow is deflected by the same angle through a more inclined shock wave. There is also a smaller

pressure rise in the lower Mach number near-wall region and ahigher post-shock pressure as

the high Mach number flow is deflected in the outer part of the boundary layer. This variation

in the surface pressure can be seen both in the experiment andcomputation (Fig. 8.21a). There

is a sharp increase in pressure at the corner (from 2 to 13 kPa)followed by a gradual build

up on the flare up tos = 0.05 m. Beyond this point, the uniform inviscid flow outsideof the

boundary layer (Mach number = 9.03) is deflected by30◦ and the flare pressure is close to the

corresponding oblique shock value.

The standardk-ω model solution is identical to the Spalart-Allmaras model result pre-

sented in Fig. 8.20b. The shock-unsteadiness correctedk-ω model yields a small separation

bubble at the corner. The pressure rise at the separation point located ats = -0.015 m, pres-
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sure plateau in the recirculation zone and a small overshootin pressure at reattachment (see

Fig. 8.21b) are similar to the previous case of30◦ flare at Mach 12.92 (Fig. 8.19b). The shock-
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structure in the interaction region is also similar to that observed at the higher Mach number

(Fig. 8.18c), and is not repeated here. The shock-unsteadiness correction in this flow is applied

with an average value ofb′1 = 0.29. The corresponding value ofc′b1 in the modified Spalart-

Allmaras simulation is -0.26.

8.4.5 Heat flux predictions
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Figure 8.22: Comparison of computed heat flux using standardand shock-unsteadiness modi-
fiedk-ω turbulence models with experimental measurements [15] for36◦ flare at Mach 13.1.

Figure 8.22 presents the surface heat flux computed using thestandard and modifiedk-ω

turbulence models for the strongest interaction case. The heat flux variation follows a trend

similar to that of the corresponding surface pressure data (see Fig. 8.15b). The standard model

predicts a sharp rise in heat flux at the corner, whereas the shock-unsteadiness modification

results in an elevated heating rate due to flow separation on the cone and a local peak at reat-

tachment. Heat flux prediction is thus closely related to theflow topology, and obtaining the

separation bubble at the corner and the shock-shock interaction near reattachment results in

significant improvement in heat flux prediction. Nevertheless, there are noticeable differences

between the computed and experimental data, and they are discussed below.

The shock-unsteadiness modification applied to the Spalart-Allmaras turbulence model

leads to similar trends in heat flux prediction, as in Fig. 8.22. However, the enhancement in

heating rate due to flow separation and the peak heating at reattachment are lower than the

modifiedk-ω predictions. Overall, the discrepancies with the experimental measurements are

significantly larger than thek-ω model. The heat transfer results for the36◦ flare at Mach 10.97
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are qualitatively similar to that described above. For the remaining two cases with30◦ flare,

there are no major differences between the flow topologies computed using the standard and

modified turbulence models (see Sections. 8.4.3 and 8.4.4).The effect of the shock-unsteadiness

modification on the surface heat flux is also quite small.

Note that all the computations show a dip in surface heat flux at separation point (for

example, ats = -0.086 m in Fig. 8.22) that is not observed in the experimental data. There

are additional discrepancies between the measured and computed heating rates on the flare.

Standard turbulence models likek-ǫ andk-ω show large error in heat flux predictions in shock-

dominated hypersonic flows [6]. The recentk-ω model with stress limiter [8] also exhibits

similar trends. As pointed out by Wilcox [8], this limitation is typical of all turbulence models

that use Reynolds analogy and model the turbulent heat-flux vector in terms of a turbulent

Prandtl number. This is true for the standard and modified turbulence models considered in this

paper, and the error margin may be reduced by improving upon the constant turbulent Prandtl

number assumption.

8.5 Summary

In this work, the hypersonic shock/turbulent boundary-layer interactions on cone-flare geome-

tries are studied numerically. Four configurations with varying flare angles and freestream Mach

numbers are simulated using the Reynolds-averaged Navier-Stokes methodology. The test cases

range from strong interactions with large flow separation atthe cone-flare junction to weak one

with attached flow at the corner.

The standard Spalart-Allmaras andk-ω turbulence models suppress flow separation at the

corner, and therefore do not reproduce the correct shock structure in the interaction region. This

is probably due to a high level of turbulence predicted at theshock wave. By comparison,

the shock-unsteadiness correction damps turbulence amplification at the shock. It reproduces

the separation bubble observed experimentally, and matches the surface pressure measurements

well. The shock-unsteadiness corrected turbulence modelsalso predict the flow topology in

the interaction region, including the Edney Type VI shock-shock interaction at reattachment,

correctly. The magnitude of correction decreases with the strength of the shock/boundary-layer

interaction, such that it has a negligible effect for weak interactions, where the standard models

perform reasonably well.
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Chapter 9

Conclusions

Reynolds-averaged Navier-Stokes simulations are used to study shock/turbulent boundary-layer

interactions at high Mach number. Standard turbulence models like k-ǫ, k-ω and Spalart-

Allmaras often predict incorrect separation bubble for strong shock interaction cases. The

shock-unsteadiness correction has been found to show improvement in the separation bubble

size and the wall pressure. Earlier, the correction has beenrestricted to compression corner con-

figurations at supersonic Mach number. In the current research work, the shock-unsteadiness

correction is applied to other, more complex configurationsat significantly higher Mach num-

bers. The focus is to predict the separation bubble size accurately. Simulations are performed

for a range of Mach numbers and deflection angles for four shock-wave/boundary-layer inter-

action configurations: (i) two-dimensional oblique shock boundary-layer interaction; (ii) two-

dimensional scramjet inlet; (iii) three-dimensional single-fin configuration; and (iv) axisymmet-

ric cone-flare configuration. The flow physics is studied in detail in each case and the computed

wall data in the interaction region is compared with the experimental measurements.

In the first case, the impingement and reflection of oblique shock wave on a turbulent

boundary layer developed on the flat plate is studied. Three configurations with shock generator

angles of 14, 10 and 6 are chosen at Mach 5. The flow in the interaction region is complex due

to the presence of multiple shock and expansion waves along with local flow separation and

reattachment. The standard Spalart-Allmaras andk-ω models predict smaller separation bubble,

a delayed initial pressure rise location and yields too highskin friction at reattachment. The

shock-unsteadiness correction dampens the turbulence at the shock, hence moves the separation

location much closer to the experiment. This in turn resultsin close matching of the shock

structure, wall pressure and skin friction with the measurements.
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Next, a practical scramjet inlet geometry is simulated at Mach 6.5. The cowl shock im-

pingemes on the opposite wall to result in a shock/boundary-layer interaction, which is the focus

of work. The flow is similar to the above canonical oblique shock/boundary-layer interaction.

However, the geometry of the inlet generates additional shocks and expansion waves and adds

complexity to the flowfield. The shock-unsteadiness modifiedSpalart-Allmaras model is used

in the simulations. The model parameter is calibrated against the experimental data for different

canonical oblique shock impingement cases. The simulations predict a large separation bubble

inside the inlet duct. The computed separation bubble size is validated against available ex-

perimental data for canonical flow configurations. The performance parameters of the scramjet

inlet are then obtained using the computed flow solution.

Three-dimensional shock/boundary-layer interaction is studied in single-fin configurations

at Mach 5 and deflection angles of23◦, 18◦, 12◦ and8◦. The inviscid shock generated by the fin

interacts with the boundary layer on the adjacent flat plate to form a complex three-dimensional

flowfield. The boundary layer separates to form a conical vortex and the inviscid shock bifur-

cates to form a lambda structure. Peak values of wall pressure and skin friction are observed

along the reattachment line near the corner region of plate-fin junction. The standard model pre-

dicts delayed initial pressure rise location, and the shock-unsteadiness modification improves

the separation point location and matches the wall pressuredistribution with the experiments.

Finally, shock/turbulent boundary-layer interactions are numerically studied on cone-flare

geometries at high Mach numbers. Four test cases with flare angles of36◦ and30◦, and two

Mach numbers of 11 and 13 are considered. The high Mach numbers results in stronger shock

waves and therefore larger separation bubble compared to supersonic interactions. The shocks

are also more inclined to the flare surface. A shock-shock interaction is observed close on

the flare and it results in localized peak values of pressuresin the reattachment region. These

peak pressures are absent in supersonic flows. The standard turbulence models suppress flow

separation at the corner, and therefore do not reproduce thecorrect shock structure in the in-

teraction region. The shock-unsteadiness correction reproduces the separation bubble observed

experimentally, and matches the surface pressure measurements well. The shock-unsteadiness

corrected turbulence models also predict the flow topology in the interaction region, including

the Edney Type VI shock-shock interaction at reattachment,correctly.

Overall, the thesis presents a detailed study of shock/boundary-layer interactions. The

physics-based shock-unsteadiness modification of Sinhaet al. [10] is used to improve the tur-
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bulence model predictions. Specifically, the contributions of the thesis are as follows.

1. The shock-unsteadiness modification is shown to improve the prediction of flow sepa-

ration, pressure distribution and flow topology significantly for different geometries at

varying freestream conditions.

2. The implementation of the correction in the presence of multiple intersecting shocks

and expansion waves is presented. It is shown that a detailedcalculation of the shock-

unsteadiness parameter based on the local shock strength isnot essential. An average

value of the parameter yields comparable results.

3. Application of the shock-unsteadiness correction to predict flow separation in a scramjet

intake shows its potential in real-life applications.

In summary, it is found that a robust implementation of the shock-unsteadiness modifica-

tion yields significant improvement in flow prediction, irrespective of the baseline turbulence

model. The improvements are consistent over a range of geometric and flow parameters. The

shock-unsteadiness correction, therefore, proves to be useful for simulating shock/turbulent

boundary-layer interactions in practical configurations.
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Appendix A

Navier-Stokes equations

The instantaneous continuity, momentum and energy equations for compressible flows can be

written in tensor notation as,

∂ρ

∂t
+

∂

∂xi
(ρui) = 0 (A.1)

∂(ρui)

∂t
+

∂

∂xj

(ρujui) = − ∂p

∂xi

+
∂tij
∂xj

(A.2)

∂

∂t
[ρ(e +

1

2
uiui)] +

∂

∂xj

[ρuj(h +
1

2
uiui)] =

∂

∂xj

(uitij) −
∂qj

∂xj

(A.3)

Hereρ is the density of fluid,ui is instantaneous velocity in thei direction(i = 1, 2, 3), p is

the pressure andtij is the viscous shear stress acting on a fluid element,e is specific internal

energy,h = e + p/ρ is specific enthalpy andqj is the scalar heat flux. The left hand side (LHS)

of Eqs. A.1, A.2 and A.3 represent the unsteady and convective transport terms. The terms

on right hand side (RHS) of Eq. A.2 represent the pressure forces and viscous forces. The first

term on RHS of Eq. A.3 gives the work done due to shear stress, wheretij is governed by

Newton’s law of viscosity as,

tij = 2µsij − ζ
∂uk

∂xk
δij (A.4)

wheresij is instantaneous strain rate tensor andζ is second viscosity. Theζ is related to molec-

ular viscosityµ asζ = −2
3
µ, where the molecular viscosityµ variation with temperature is

calculated from Sutherland’s formula [91] of viscosity (for air) as,

µ =

[

(1.45 × T 3/2)

(T + 110)
× 10−6

]

(A.5)

HereT is temperature in Kelvin andδ is the Kronecker delta function defined asδij = 1 if

i = j andδij = 0 if i 6= j. The second term in RHS of Eq. A.3 represents the heat flux due to
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conduction and is calculated from Fourier’s law as,

qj = −κ
∂T

∂xj

= − µ

PrL

∂h

∂xj

(A.6)

whereκ is thermal conductivity of fluid and the Prandtl number is given asPrL = Cpµ/κ.

In many fluid flow cases the intermolecular forces between themolecules is neglected and

the fluid is assumed to be perfect gas which satisfy the following equation of state.

p = ρRT (A.7)

e = CvT (A.8)

h = CpT (A.9)

whereR is characteristic gas constant,Cv andCp are the specific heats at constant volume and

pressure respectively. The characteristic gas constant can be expressed as ratio of universal gas

constantR, and molecular weightM , of gas as,R = R/M . The universal gas constant has

same value of 8.314 kJ/(kg mol.K) for all gases. The value ofR is different for different gases

and for air it’s value is equal to 287.1 J/K.
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